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Abstract

This report develops quantum algorithms for partial differential equations along a single pipeline:
a continuous PDE is discretized into a linear system or a semidiscrete evolution, the resulting
matrix is block-encoded, and a quantum transformation—quantum singular value transformation,
Hamiltonian simulation, or a quantum linear-system solver—is applied before a quantity of interest
is read out. Linear-system solvers sit at the center of that pipeline, and inversion is the Cauchy
calculus for f(z) = 1/z: HHL, QSVT, and contour quadratures of resolvents are three writings
of one identity. Semigroups and Hamiltonian simulation are the neighboring maps e’* and e~%*,
Classical PDE theory, the Cauchy theory of the plane, and numerical discretization form the first
part; fault-tolerant quantum linear algebra the second; and elliptic, hyperbolic, parabolic, and
nonlinear applications the third.
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Part 1

Classical Analysis and Numerical
Discretization



Chapter 1

Motivation

A quantum computer does not solve a partial differential equation by inventing a new closed-
form solution. It stores a discretized unknown in the amplitudes of a state and applies a matrix
function—an inverse, a semigroup, or a unitary group—to that state [25, 34, 17]. Whether this
is cheaper than a classical solver depends on the size of the problem, on how well conditioned
the discretized operator is, and on what one is allowed to read out. This chapter describes those
dependences qualitatively. The cost accounting is carried out once the matrices exist, in Chapters 5
and 9.

1.1 What the equations are used for

Differential equations are the models of quantities that change in space or in time. The same formal
object covers the electric potential in a device, the temperature in a solid, the pressure and velocity
in a fluid, a plasma, an acoustic or electromagnetic wave, the electrons of a molecule, the price of
an option, the currents in an electrical network, and the size of a population [30, 17]. In each case
the unknown is a function, the equation constrains its derivatives, and a useful answer is rarely
the formula: it is a number extracted from the solution, such as a flux through a surface, a total
energy, a voltage at a terminal, or the value of a payoff.

Steady states are elliptic. The electrostatic potential in a semiconductor device or a capacitor
solves a Poisson equation whose source is the charge density; the temperature in a solid at equilib-
rium solves Laplace’s or Poisson’s equation; the displacement of a loaded bridge or airframe solves
the equations of linear elasticity, an elliptic system [30, 33]. The engineer rarely wants the whole
field. A capacitance, the heat flux through one face, or the stress at a critical joint is a single linear
functional of the solution.

Diffusion is parabolic. Heat conduction and the spreading of a chemical species smooth their
initial data as time increases. Finance and statistics produce the same equation with a different
meaning. The Black—Scholes equation for the price of an option on a single asset becomes the heat
equation after a change of variables [11], and the Fokker—Planck equation evolves the probability
density of a stochastic process [44]. In both, the number of space variables is the number of
random factors, so a basket option on d assets, or a stochastic model with d state variables, is a
d-dimensional PDE. The wanted output is an expectation: a price, a mean, or the probability of
reaching a region.

Propagation without smoothing is hyperbolic. Acoustic and elastic waves carry the signals of
ultrasound and seismic imaging, and Maxwell’s equations govern radar scattering, antennas, and
optical devices. Energy is conserved and data travel at finite speed; the output is a signal recorded



at a receiver or the energy scattered in one direction. The Schrédinger equation is not hyperbolic,
but it shares the conservative character that matters here: its evolution is unitary, which is also the
native operation of a quantum computer. For a molecule it carries three coordinates per electron,
which makes it the standard example of a high-dimensional equation, and its low-lying states are
what quantum chemistry and drug design ask for [17].

Many of the most consequential models are nonlinear. The Navier—Stokes equations describe
the air around a wing and the atmosphere in a weather forecast. The Vlasov equation describes
a plasma in a six-dimensional phase space of positions and velocities, which is one reason fusion-
device design is expensive. Reaction—diffusion systems describe combustion, chemical patterns, and
the spread of a population or an epidemic in space [17]. Here the difficulty is not only size: products
of the unknown with itself break the linear structure that the quantum primitives of this report
require, and Section 1.5 returns to what can be done about it.

Some models of the same kind are not PDEs at all. The currents in an electrical network obey
a differential-algebraic system whose size is the number of components, and circuit simulators such
as SPICE solve such systems at industrial scale [17]. Viscoelastic materials and epidemics with an
incubation period have memory: the rate of change depends on an integral of the past solution. A
spatially discretized PDE is itself a large system of ordinary differential equations, so these models
and the PDEs meet in the same linear algebra.

equation (type) use quantity of interest function of A
Poisson, Laplace, linear device potentials, steady capacitance, heat flux, AL
elasticity (elliptic) heat, loaded structures stress at a point
heat, Black—Scholes, diffusion, option pricing, mean, price, probability of e, decaying
Fokker—Planck (parabolic)  stochastic dynamics an event
wave, Maxwell acoustics, seismic and radar  signal at a receiver, e "H unitary
(hyperbolic); Schrodinger  imaging, quantum chemistry  scattered energy, energy

levels
Navier—Stokes, Vlasov, weather, aerodynamics, lift and drag, heat load, linear only after
reaction—diffusion fusion plasmas, epidemics concentration a lift
(nonlinear)
RLC networks, equations circuit simulation, terminal voltage, strain, A1 or et4
with memory viscoelasticity, epidemics case count after a lift

Table 1.1: Where the equations of this report come from, what is read out of them, and which
function of the discretized matrix A (or Hamiltonian H) a quantum algorithm has to apply.

Table 1.1 collects these cases. Two features recur and drive the rest of this chapter. The answer
that matters is a few derived numbers, not the whole field. And the problems that matter are
large: fine three-dimensional grids, or models with many coordinates. The last column anticipates
the report: after discretization, each class of equation asks for a different function of one matrix.

1.2 Why they are expensive

The dimension of the unknown is the first obstruction. A grid with n nodes along each side of a
d-dimensional domain has

N=nl=0(h"% (1.1)

degrees of freedom when the mesh width is h = 1/n. Refining the mesh, or adding a coordi-
nate (a species, an asset, a momentum variable), multiplies N. The high-dimensional models



of Section 1.1—Fokker—Planck equations, multi-asset pricing, kinetic plasma models, molecular
Schrédinger equations—and fine three-dimensional grids are expensive for this reason, before any
question of quantum hardware arises [33, 17].

After discretization, a linear elliptic problem is a sparse system Au = f with N unknowns, and
a linear evolution is a system of N ordinary differential equations u’ = Au. Classical solvers for
these systems are mature. A multigrid cycle, or a fast transform on a simple geometry, returns
the whole vector in work nearly proportional to N: one pays essentially for writing the answer
down [33]. Storage follows the same count, since the classical representation of u is a list of N
numbers. In high dimension the bottleneck is IV itself, not the solver.

A second quantity enters through the mesh. For a second-order operator the condition number
k(A) grows like the inverse square of the mesh width (equation (5.78)), so every refinement makes
the linear system harder to solve. Iterative methods without a preconditioner slow down accord-
ingly; multigrid and related preconditioners are the classical devices that remove this dependence.
The same conditioning reappears in every quantum solver.

Producing every nodal value cannot take fewer than N operations, on a quantum device or a
classical one. Any asymptotic improvement has to be an improvement about a coarser output: a
state, an inner product, or one derived quantity of interest [25, 34].

1.3 What a quantum computer changes

The quantum representation of the same vector is the normalized state
1 N1
u) = 7= > ujld) (1.2)
Tl &

on [logy N| qubits. The index j is a computational-basis label for a grid node; the value u; is an
amplitude. The register grows with the logarithm of the number of nodes. A three-dimensional
grid with 102 nodes on a side has N = 10? entries and needs 30 qubits for the node register; a ten-
dimensional grid with n nodes on a side needs 10log, n qubits while N = n'? is already unstorable.
Ancillas for the block encoding and for the transformation add further small registers, not a register
of size .

Two classical tasks become two quantum tasks [17, 35]. A linear solve Au = f becomes the
preparation of a state proportional to A~!|f). A linear evolution u’ = Au becomes the preparation
of a state proportional to etA\u()), which is a Hamiltonian simulation when A is skew-Hermitian
and a semigroup when A is dissipative. In both cases the algorithm implements a function of
one matrix. The later chapters separate those functions; they do not describe different physical
theories.

Given efficient access to a sparse or block-encoded A and to the state | f), the Harrow—Hassidim—
Lloyd algorithm and its successors prepare A~!|f) with a number of queries that grows only poly-
logarithmically in IV, and polynomially in x and in 1/e for a target accuracy ¢ [25, 35]. Set against
a classical cost that grows at least like N, this is the origin of the phrase “exponential speedup”.
The precise statements are in Chapter 9.

1.4 What it does not change

The polylogarithmic dependence on N holds in the query model. It survives end to end only
under conditions that sit outside the linear-algebra step [1, 34]. Each condition below is either a
classical-quantum interface or a property of the discretization.
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o Loading. If the right-hand side is an arbitrary list of N numbers, a circuit that prepares |f)
needs a number of gates that grows with IV, even though the state it prepares is logarithmically
wide. Smooth data, a short Fourier series, or a tensor-product initial condition can be loaded
cheaply.

o Matriz access. A stencil with a bounded number s of nonzeros per row has an efficient
sparse-access encoding. A dense unstructured matrix does not [35, 34].

e Readout. The output is a state, not a list. Recovering every entry of u by tomography repeats
the whole algorithm at least on the order of N times, and the improvement disappears.
What can stay cheap is a single observable—a voltage, a flux, an overlap (c|u)—estimated by
repeated measurement, with more repetitions for a tighter accuracy.

o Normalization. The state (1.2) forgets ||ul|. A physical quantity that depends on the magni-
tude of the solution needs that norm estimated separately.

e Conditioning. The query count grows with x, and refining the mesh to reduce the discretiza-
tion error raises k. Solver tolerance and mesh width are therefore one budget, which is why
the condition number is treated as a consequence of the discretization (Section 5.13.5) rather
than as a free parameter of the circuit. Preconditioning matters for a quantum solver for the
same reason it matters for a classical one.

o Time and dissipation. For an evolution the role of k is played by the evolution time multiplied
by the norm of the generator, which also grows as the mesh is refined. When A is dissipative
the solution decays, and a state proportional to a small final vector costs more to prepare [6].

None of these is removed by a faster inverter in the middle of the pipeline [34, 17].

1.5 Where an advantage can appear

The fair comparison is not between a quantum algorithm that returns one observable and a classical
algorithm that writes out the whole field. It is between two algorithms that return the same quantity
to the same accuracy, with the mesh chosen for that accuracy on both sides. Montanaro and
Pallister carry out this comparison for elliptic problems discretized by finite elements, and Linden,
Montanaro, and Shao for the heat equation [42, 36]. In both analyses the quantum advantage is at
most polynomial, and it becomes significant only as the spatial dimension grows. Low-dimensional
Poisson problems, for which fast classical solvers already work in time close to N, are the wrong
place to look. High-dimensional linear problems, and structured network problems whose size N is
the number of components rather than a number of grid nodes, are the natural candidates [17, 34].
The quantitative version of this comparison is deferred to the model Poisson problem of Section 9.6.

Krovi describes the same target in an interview on IBM’s research programme: discretize, map
to a linear system or a Hamiltonian simulation, and encode the vector in amplitudes [17]. For
linear RLC networks, which are differential-algebraic equations, the interview reports a quantum
procedure whose cost grows logarithmically with the number of components, where a conventional
circuit simulator grows at least linearly. The conditions of Section 1.4 apply to that claim as to
any other. The equations with memory of Section 1.1 are lifted to a larger ordinary differential
equation and treated by the same primitive.

Nonlinear equations need one more step. Carleman linearization lifts a dissipative nonlinear
system to a linear one in a larger space, and the lift is provably efficient when dissipation dominates
the nonlinearity [37]. The Navier-Stokes equations are accessible in this way only in a weakly



nonlinear, laminar regime. A turbulent flow, at large Reynolds number, is outside that regime, and
no current quantum reduction removes that fact [17]. The lift is the subject of Chapter 15; it is
not a reason to ignore the linear cost model.

1.6 What the rest of the report is for

The cost model uses only a few quantities: the number of unknowns N and the spatial dimension
d, the sparsity s, the condition number x(h), the solver tolerance ¢, the evolution time for time-
dependent problems, and the choice of observable. Each of them is fixed by the continuous problem
and by its discretization. The type of the PDE decides whether the matrix function is an inverse,
a decaying exponential, or an oscillation. The boundary conditions decide whether A is invertible
and which nodes are unknown. The mesh decides k. None of these is visible if the discussion starts
from a circuit.

The chapters that follow therefore stay on one reduction. Chapter 2 records the continuous
equation, its type, and the data that make it well-posed. Chapter 3 writes the solution as a
convolution against a kernel. Chapter 4 is the complex calculus of the two-dimensional Laplacian:
Cauchy’s theorem, the statements equivalent to it, and the conformal maps that move the disk.
Chapter 5 turns that kernel into a sparse matrix and computes the s and k that the discussion
above refers to. The quantum chapters implement functions of that matrix. Elliptic, parabolic,
hyperbolic, and nonlinear problems reappear as choices of the function and of the matrix, not as
separate theories of computation.



Chapter 2

Introduction to Partial Differential
Equations

A differential equation relates an unknown function to its derivatives. If that unknown depends on
a single independent variable, the equation is ordinary: F(x,u,u,u”,...) =0, as in v’ = f(z,u)
or u” +u = 0. Section 2.1 records the linear initial-value theory. The partial case begins when
the unknown depends on two or more independent variables and the equation involves partial
derivatives [30]. In two variables a first-order PDE has the form F(z,y,u, uz,u,) = 0, often written
F(z,y,u,p,q) = 0 with p = u, and ¢ = u,; a second-order PDE is F(x, y, u, Uz, Uy, Uga, Ugy, Uyy) =
0. The same writing in n variables is F(x,u, Du, D*u,...) = 0 on a domain in R”.

The aim is to treat these equations as one class of objects—an unknown u, an operator L, and
data that select a solution—rather than as three unrelated methods. Linearity, characteristics, and
the sign of a discriminant distinguish cases; they do not split the subject. This chapter records
those distinctions and the data that make a problem well-posed.

2.1 Ordinary initial-value problems

An ordinary equation determines a function of one independent variable. For a linear initial-value
problem the solution is an explicit formula, and that formula is the scalar case of the matrix
functions named in Chapter 1 [32, 7].

The initial-value problem asks for a differentiable function u satisfying

u'(x) = f(z,u),  u(wo) = uo, (2.1)

where f is continuous for every (x,u) in a domain D of the plane. A solution on an interval [a, b]
containing zg is a function whose graph lies in D, which takes the value ug at zg, and whose
derivative equals f(z,u(z)) at every point of the interval.
For the linear equation
u' = M+ g(x), u(0) = wo, (2.2)
with g continuous on [0, 00), an integrating factor produces the solution in closed form. Multiplying

(2.2) by e~ gives % (ue=?*) = e g(z). Integrating from 0 to z and multiplying through by e**

yields Duhamel’s formula
u(x) = upe® +/ AT g(t) dt. (2.3)
0

The first term propagates the initial value by the exponential semigroup e**. The integral prop-
agates the forcing by the same semigroup. A negative real A makes the exponential decay, and a
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purely imaginary A makes it a rotation. These are the scalar forms of the factors et4 and e~ in
Table 1.1.
The same formula applies to a second-order linear equation once it is written as a first-order
system. In
u” = ay(2)u' + ag(z)u + g(x), u(zg) =, u'(wp) = B, (2.4)

set u; = u and ug = «’. The pair (u1,ug) satisfies

m ! _ 0 1 u1 + 0 ’ u1(zo) _ () (2.5)
up ap(z) ai(x)) \u2 g9(z) uz(xo) B
Duhamel’s formula for (2.5) replaces the scalar factor e**=Y) by the fundamental matrix of the
coefficient matrix. When the coefficients are constant, that fundamental matrix is a matrix ex-
ponential. A spatially discretized evolution is this constant-coefficient case with a large matrix in
place of the companion matrix, and that exponential is the function the later algorithms apply.
The passage from a partial differential equation to this system is carried out in Section 5.12.
For a general f, existence and uniqueness hold on a short interval. Let D be the rectangle
|x — 20| < a, |u—ug| < B, let f be continuous on D and Lipschitz continuous in u,

|f(z,u1) — fz,u2)| < Kluy — ug (2.6)

for some K > 0 and all (x,u1), (x,uz) € D, and let M be a bound for |f| on D. Set v =
min{«, 3/M?}. Then (2.1) has a unique solution on [z — 7,z + 7] [32, 7]. For (2.2) the Lipschitz
constant is |A|, and (2.3) supplies the solution for every x > 0.

The solution depends continuously on the data. For the perturbed problem u' = f(z,u) 4 §(z)
with u(zg) = up+¢ and § continuous, every sufficiently small perturbation admits a unique solution
u(x; 0,¢) on the same interval. Whenever vK < 1,

(lel +~1ld]loo)- (2.7)

max |u(z) —u(x;d,¢)| <
\90*330|§'Y| (=) ( ) 1—vK
Existence, uniqueness, and (2.7) are well-posedness for the initial-value problem. Section 2.4 asks

the same three conditions of a partial differential equation.
The constant in (2.7) can be large on a longer interval. The linear problem

v = 100u — 101e™ 7, u(0) =1 (2.8)

has the exact solution u(z) = e~®. The same equation with initial value 1+¢ has the exact solution
e~® +et%% On any fixed interval the two solutions differ by at most a constant times ||, so the
problem remains well-posed, and the constant grows like e'%9*. The exponent is the Lipschitz
constant K = 100 of the right-hand side, the same K that enters (2.7) and the factor e’* in (2.3).
After the unknown is replaced by a grid vector, this amplification is the conditioning described in
Section 1.4. Figure 2.1 plots the two solutions for e = 1076.

A quadratic right-hand side has a different closed form. The equation v = —u? has the
equilibrium solution u = 0 and the further solutions u(x) = 1/(x + ¢) for an arbitrary constant c.
Such an equation becomes an instance of (2.3) only after a transformation that restores linearity,
taken up in Chapter 15.
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Figure 2.1: The initial-value problem (2.8) and the same equation with initial value 1 +107%. The
solutions start together and then separate by the factor e'00%

2.2 Partial Differential Equations

Writing L for the differential operator that sends u to the left-hand side of L(u) = 0, the equation
is linear when L(au; + Buz) = aL(u1) + SL(u2) for all scalars «, 5 [30]. If u; and ug both solve
L(u) = 0, so does every linear combination. The transport operator L(u) = us + cu, is linear in
this sense. If the identity fails, the equation is nonlinear: for the shock-wave (inviscid Burgers)
operator L(u) = u; + uu, one has L(uj + u2) = (ug + u2)¢ + (u1 + ug)(ug + uz); # 0 in general,
even when L(uj) = L(ug) = 0.

A first-order linear example is the transport equation u; + cu, = 0. The representative second-
order linear equations are

Au =0 (Laplace), ur = kAu (heat), uy = 2Au  (wave). (2.9)
They are the constant-coefficient normal forms of the elliptic, parabolic, and hyperbolic types in
Section 2.5.

2.2.1 First-order linear equations

The constant-coefficient equation
auy + buy =0 (2.10)

says that the directional derivative of u along (a, b) vanishes. Level curves u = const are orthogonal
to Vu = (ug,uy), so (a,b) is tangent to those curves: adx + bdy = 0, hence ax + by = const. The
general solution is therefore an arbitrary profile of the complementary invariant [30],

u(z,y) = f(—bx + ay). (2.11)

The same conclusion follows from a change of variables. Set £ = ax + by and n = —bx + ay, which
is invertible when a? + b? # 0. The chain rule gives u, = aug — buy, and uy = bug + auy), so

auy + buy, = a(aug — buy) + b(bug + auy) = (a* + b*)ug. (2.12)

Thus (2.10) becomes ug = 0, and u depends only on 7: again u = f(—bx + ay).

As an initial-value illustration, 2u; + 3u, = 0 with u(x,0) = sin x has general solution u(x,t) =
f(3t — 2z). The initial datum forces f(—2z) = sinz, so f(s) = sin(—s/2) and u(z,t) = sin(z —
3t/2) [30]. The transport equation u; + cuy, = 0 is the same geometry with speed ¢: solutions are
rightward shifts u(x,t) = f(x — ct) of the initial profile.

9



When the coefficients depend on (z,y),
a(z,y)uy + b(z,y)uy, =0 (2.13)
is v- Vu = 0 with v = (a,b). Along the integral curves of v,

d dz dy

L) ys)) =0, ——=alry), T =bay) (2.14)

so u is constant on those characteristic curves. For a = y and b = —x the characteristic system
is dz/ds = y, dy/ds = —z, hence 2% + y? = const and u(x,y) = f(2% + y?). Figure 2.2 draws

those circles. The same characteristic geometry, applied to the principal symbol, later distinguishes
elliptic, parabolic, and hyperbolic second-order equations: it decides how data propagate.

Y

N
L))

Figure 2.2: Characteristic curves of yu, —xu, = 0. The solution is constant on each circle 2% +y? =
const, and the arrows are the direction (y, —z).

2.2.2 First-order nonlinear equations

A model nonlinear transport equation is inviscid Burgers’ equation
ug + uuy = 0. (2.15)
If u; and ug both solve (2.15), their sum generally does not [30]:
L(uy +u2) = (u1 + ug)e + (u1 +u2)(ur + uz)e = L(u1) + L(uz) + ui(u2)z + uz(u1)z,  (2.16)

and the cross terms need not vanish. Characteristics may intersect in finite time, producing shocks.
For the initial datum u(z,0) = 1 — z the characteristic through £ is the line x = £ + ¢(1 — £), and
these lines meet at (1,1), as drawn in Figure 2.3. Superposition is lost: nonlinearity is not a small
perturbation of (2.10), but a change in the algebraic type of the equation.
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(1,1)

x

Figure 2.3: Characteristics of inviscid Burgers’ equation (2.15) for u(z,0) = 1—x. The line through
¢ has speed 1 — &, and the family meets at (z,t) = (1,1).

2.2.3 Second-order linear equations

The models in (2.9) arise from elementary balance laws [30]. The first-order transport equation
is already a conservation statement: if a density w on [0,a] is merely shifted by speed ¢, then
Jeu(z, t)dz = [4F" u(x,t + h)dz for h # 0. Differentiating first in @ and then in h at h = 0
recovers u; + cu, = 0.

All three models below follow one template. Let u be the density of a conserved quantity on
R™ and J its flux, the amount crossing a unit area per unit time. For an arbitrary region D with
outward normal v, the rate of change of the content equals the inflow, and the divergence theorem

turns the boundary integral into a volume integral:

d

—/udm:—/ J~1/dS:—/V-Jdm = w+V-J=0. (2.17)
d¢ Jp oD D

The region is arbitrary, so the integrands agree pointwise. The equation of motion is fixed by the
constitutive law that expresses J through u. A drift at speed c is J = cu and gives transport. Heat
flows from hot to cold in proportion to the gradient, J = —kVu (Fourier’s law, or Fick’s law for
a dissolved substance), and gives u; = kAu. For a fluid the flux of mass is pv, which gives the
continuity equation (3.169) of Section 3.6.3. The same law J = —kVu also shows why Laplace’s
equation is the stationary case: u; = 0 means V - J = 0, a flux with no net source.

For the heat equation, let u(z,t) be the temperature on a wire. Conservation of heat on an
arbitrary interval [a, b], together with Fourier’s law that the flux is —ku,, gives

d b b
&/ udx = kuy(b,t) — kug(a,t) = / kg, dz, (2.18)

hence u; = kugy. In R?® the same argument with the divergence theorem yields u; = kAwu. Station-
ary temperature (u; = 0) is Laplace’s equation Au = 0; solutions are called harmonic functions.
The one-dimensional wave equation is the small-slope limit of a vibrating string. Let u(x,t)
be the transverse displacement, p the linear density, and 7T the tension, which is constant when
horizontal motion is neglected. At a point the string has the unit tangent (1, u,)/+v/1 + u2, so the

vertical force that the rest of the string exerts on the piece over [a, b] is T'[uz/+/1 + u%]z Newton’s
law for that piece reads

P/abutt dx = T[\/lu—iiuu%}z = /ab 3x(\/%)dx. (2.19)

Since a and b are arbitrary, puy = T 0y (uz/+/1 + u2), which is nonlinear. For small slopes the
Taylor expansion (1 + )42 =1— 5+ ... gives u,/y/1 + uZ = u; — 2u + -+, and keeping the
first term yields uy = cug, with ¢ = / T/p. On a membrane with surface density p and tension T’
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per unit length, the vertical force on the piece over a region D C R? is, to first order in the slope,
T $5p 0udS =T [, Audz. Thus p [ uw =T [, Au for every D, and uy = ¢*Au with ¢ = /T/p.

The same three operators therefore appear as balance laws, not as three separate theories: a
conservation statement for transport, Fourier’s law for heat (and its stationary limit Laplace), and
Newton’s law for a string or membrane.

2.2.4 Second-order nonlinear equations

Second-order nonlinear equations appear as soon as the flux or the reaction depends on u itself:
viscous Burgers uy +uu, = vig,, reaction—diffusion u; = Au+ f(u), or geometric equations such as
the minimal surface equation. The classification of the next sections applies to the linear principal
part of such an equation; the lower-order nonlinear terms do not change the type.

2.3 Initial and boundary conditions

A differential equation by itself does not select a unique solution. Data on the domain, or on its
boundary, are required, and the type of the equation dictates which data are natural [30].
For a parabolic equation such as the heat equation one prescribes an initial condition

u(z,0) = ¢(x). (2.20)

A hyperbolic equation such as the wave equation is second order in time, so both position and
velocity are given:

u(@,0) = ¢(x),  w(z,0)=1v(z). (2.21)
An elliptic equation (Laplace, Poisson) has no distinguished time variable; the unknown is deter-

mined by boundary values on 0f2.
On a bounded spatial domain {2 the standard boundary conditions are:

o Dirichlet: u|spa = g;
o Neumann: Opulsq = h;
e Robin: (au+ BOyu)|sn = f.

Periodic conditions on a torus, or decay at infinity on R? (or a half-space), play the same role: they
are boundary conditions at infinity [30]. Neumann data for Poisson’s equation are compatible only
if the forcing has zero mean, which is the integral of —Awu = f over ). Choosing data that the type
does not admit produces an ill-posed problem, not a slightly weaker one.

2.4 Well-posedness

Following Hadamard, a PDE problem is well-posed when a solution exists, is unique, and depends
continuously on the data [30]. Stability means, roughly, that the solution is controlled by the data;
if any of the three fails, the problem is ill-posed. The ordinary problem of Section 2.1 meets these
three requirements when f is Lipschitz continuous in u. The constant in (2.7) may be large, as in
(2.8), and the problem is still well-posed. The example below is a failure of continuous dependence.

A standard illustration is the Cauchy problem for Laplace’s equation in the upper half-plane
R?2 = {(z,y) : y > 0}. The functions

Up(z,y) = % e~ V" sin(na) sinh(ny) (2.22)
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are harmonic, vanish at y = 0, and have d,uy,(z,0) = e~V sin(nz) — 0 as n — co. At the interior
point (7/2,1), with n = 2k + 1,

2%k+1 _ o—(2k+1)

m (D" e
=, 1) = + 2.2
U2k+1<27 ) 2k+1€ 9 ) (2.23)
whose magnitude diverges as k — co. Thus no constant C' can satisfy
[unll oo 2y < C(lltnll Lo or2 ) + ||5yun||Loo(aRi))- (2.24)

A maximum principle fails, and the Cauchy problem is unstable. Figure 2.4 plots the same family
along the line x = 7/2. By contrast, the Dirichlet problem for Au = 0 on a bounded domain
with continuous boundary values is well-posed. The same operator can therefore be well-posed or
ill-posed according to the data. Which data are admissible is fixed by the type of the equation,
developed next.

F —n=1 ]

> 1OO§ —n=25 E

i ' —n="7 ]

£ i 1

S 107t |
| | | | | | | | |

Figure 2.4: Sections of the harmonic functions (2.22) at * = 7/2, on a logarithmic scale. Near
y = 0 the curves follow the Cauchy data, which decrease with n; by y = 1 the order has reversed
and the values grow with n.

A simpler failure of continuous dependence is differentiation itself. The functions f,(z) =
sin(nax)/n satisfy max |f,| = 1/n — 0 and max |f],| = max|cos(nz)] = 1. No constant C' makes
max |f'| < C'max]|f]| valid for all smooth f, so the map f — f’ is unbounded in the maximum
norm: arbitrarily small data can have a derivative of size one. The Cauchy problem for Laplace’s
equation exhibits the same phenomenon through the factor sinh(ny). Its discrete counterpart is
the amplification of a perturbation of size by 6/h in a difference quotient and by §/h? in a second
difference, which is the origin of the h=2 growth of the condition number in Section 5.14.

2.5 Types of second-order equations

Linear second-order equations are classified by the quadratic form of their highest-order terms,
exactly as conic sections are classified by az? + 2hxy + by? [30]. The type is an invariant of one
operator; it decides the correct data and the qualitative behaviour of solutions.

2.5.1 Principal symbol and the two-variable discriminant
In two independent variables the general linear second-order equation is

a11Ugz + 2012Uzy + A22Uyy + a1Uz + a2uy + agu = 0, (2.25)
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with real coefficients, not all of a11, a12, age equal to zero. (The lower-order coefficients a1, ag, a3 may
depend on (z,y); they do not enter the type.) Replacing 0, — & and 9, — 7 in the highest-order
part produces the principal symbol, the homogeneous quadratic

ail a
Q(&,n) = an&® + 2a196n + agn® = (5 77) ( H 12) <€> : (2.26)
a2 a2 n
Write A for the symmetric matrix of second-order coefficients and é = det A = a11a90 — a%Q for its
discriminant. The type of (2.25) is the signature of @, equivalently the sign of §.
To see the reduction explicitly, assume first a1; # 0. Expand the square

a2 , \? a12 a3,
0 —=0 = 2— —== . 2.27
( : + o y) U= Ugy + CLllua;y + a%l Uy ( )

Multiplying by a1; and rearranging gives the principal part as

a 2 a’
11Ugzz + 2012Ugy + A22Uyy = 11 (@e + ﬁf?y) u + <a22 — ﬁ)uyy
a1l au (2.28)
=a X2u+ i Y2u,
ail
where X = 0,4 (a12/a11)0y and Y = 0,. The fields X and Y commute and are linearly independent,
so there are coordinates (§,n) with X = 0z and Y = 0,. The choice

=z, n=y—-—x (2.29)
ai
works: the chain rule gives u, = u¢ — (a12/a11)uy, and u, = u,, hence Xu = ug and Yu = u,. In
these coordinates (2.28) is

)
all Ugé’ + aill um,. (230)

A further dilation of n equalizes the two coefficients. Set 7 = An with A > 0, so u,, = Auz;. The
principal part becomes aijuge + (6A?/ai1)uz;. Three cases remain [30].

e If 6 > 0, choose A = |a11|/\/5. Then 6A?/a11 = a1, and the principal part is a1 (uge + ugq)-
Dividing the PDE by a1 (or multiplying by —1 if a11 < 0) produces uge + uzz + - - - = 0, the
Laplace operator plus lower-order terms: the equation is elliptic.

o If§ <0, choose A = |a11|/+/]8]. Then 6A?/a11 = —aq1, and the principal part is a11 (uge —ugs)-
The same normalization produces uge — uzz + -+ = 0, the one-dimensional wave operator:
the equation is hyperbolic.

o If 0 = 0, the principal part collapses to aj1uge. The equation is parabolic provided a first-order
term in 7 survives (after renaming 7 as time one obtains the heat operator uge —u, +--- = 0).
If the first-order part vanishes as well, the equation is degenerate and is no longer of the three
standard types.

If a11 = 0 but age # 0, interchange = and y and repeat. If a;; = a9 = 0, then necessarily a2 # 0
and § = —a?, < 0: the principal part is 2a;2u,y, already hyperbolic. The rotation & = (z + y)/v/2,
n = (z—y)/V2 gives uy = (u¢ +uy)/V2, uy = (ug — uy,)/v2, and therefore uzy = (uge — uyy),
which is the same wave operator as above.
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The sign of § cannot be changed by a real invertible linear substitution (z,y)" = P(&,n)".
Under that change, V() = P_TV(&??), so the principal part becomes the quadratic form with

matrix P~'AP~". Then det A
e
det(P'AP™ ) = —— 2.31
e ( ) (det P)27 ( )
and (det P)?> > 0, hence sgnd is invariant. Mixed derivatives can always be removed by the
calculation above; they never create a fourth type. The three models (2.9) are the constant-

coefficient normal forms of the three classes.

2.5.2 Higher dimensions
In n variables the general linear second-order equation is [30]
n n
Z Qij Uz, + Zai Uy, + apu =0, a;; € R. (2.32)
ij=1 i=1

As in two variables, the type is read from the principal part alone; the lower-order coefficients a;
and ap may be set to zero for the calculation that follows. Collecting the second-order coefficients
as they stand produces a real n x n matrix that need not be symmetric,

ai;p a2 -+ Qln
G21 az2 -+ Q2n

N e (2.33)
Gpl Aan2 - QOnpn

so that the principal part is >, ; @ijugz; = V) AV, u. For a C? unknown one has Uz, = Ugja;
hence the antisymmetric part of A drops out:

Z Qjj Ugz; = Z % Upz; = VI (T)Vx U. (2‘34)
ihj 27]

Replacing A by its symmetric part (A + AT)/2 does not change the PDE, and one may therefore
assume from here on that a;; = aj;,

aixp a2 -+ Ain
a2 a2 -+ QA2p

N e (2.35)
Q1n A2n " Onn

(When n = 2 this is the matrix already written in (2.26), with the mixed term recorded as 2a12gy.)
A linear change £ = Bz with B = (by;) € My, invertible,

&1 bin -+ b\ (71 "
= o &k = Z brja;, (2.36)
gn bp1 0 bun Tn J=1
transforms derivatives by the chain rule
n 8 n
O =3 % g0 =3 by, (2.37)
iz Owi k=1

15



or, in matrix form, V, = BTV§. Second derivatives therefore factor as

(%iaxju = (Z bki 8§k) (Z bgj 8@)11,. (238)
k=1 =1
Substituting into the principal part gives

Z aij uxixj = Z aij Z bkibgj u§k&, = VQ(BABT)Vg u, (239)
@, 1,5 k,l

where the new coefficient matrix has entries
n
(BABT)kg = Z bkiaijbgj. (240)
ij=1

By the spectral theorem there is an orthogonal B (one may take det B = 1) that diagonalizes this
form:

d 0 - 0
BaBT=| . |, (2.41)
0 0 - d,

Then (2.39) collapses to Y di ug,¢,. Equivalently A = QDQ" and ¢ = Q" x produce V] AV, =
V;DV§. The type is the signature of (dy), which is invariant because a further invertible change
conjugates A to a matrix of the same inertia (Sylvester; in two variables this is (2.31)):

o elliptic: every dy # 0 and all of one sign (Laplace, Poisson —Au = f);

e hyperbolic: both signs occur, typically one time-like direction against n — 1 space-like ones
(wave, Klein—Gordon);

o parabolic: exactly one eigenvalue vanishes and the rest share a sign (heat, Fokker—Planck);
e ultrahyperbolic: more than one eigenvalue of each sign, which this report does not use.

If the coefficients a;; depend on z, the type is a pointwise attribute of the principal symbol and may
change across the domain (Tricomi’s equation ug, + zuy, = 0 is elliptic for # > 0 and hyperbolic
for x < 0). The equation remains a single second-order operator; only the signature of A(x) varies.

2.5.3 Characteristics and propagation

The same quadratic form @) determines the characteristic curves. A covector (§,n) is characteristic
when Q(&,7) = 0. After the reduction (2.30) this is aj1a? + (6/a11)8% = 0 in the dual coordinates

(o, B) to (&, m).

e If § > 0, both coefficients have the same sign, so the only real solution is a = 3 = 0. There
are no real characteristic directions.

o If & < 0, one obtains two distinct real ratios 5/a = =£|ai1|/+/]0|, hence two families of
characteristic curves.

e If 6 = 0, the equation reduces to a® = 0: a repeated real characteristic direction (the n-axis
in (2.29)).
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Equivalently, in the original variables the slopes p = dy/dz of characteristic curves solve Q(p, —1) =
0,i.e. aj1p®—2a12p+age = 0, whose discriminant is —48. The geometric consequences are as follows.

o an elliptic equation has no real characteristics. Data cannot propagate along a distinguished
family of curves; the solution at an interior point depends on the whole boundary. There is
no preferred time. The natural problem is a boundary-value problem.

« a hyperbolic equation has two distinct real characteristic families (the lines x + ¢t = const for
the one-dimensional wave equation). Signals travel at finite speed, domains of dependence are
compact, and energy is typically conserved. The natural problem is an initial-value problem
with Cauchy data (¢,)).

o a parabolic equation has a repeated real characteristic (the lines ¢t = const for the heat
equation). Information spreads instantaneously over the whole space, but with exponential
damping of high frequencies. The natural problem is an initial-boundary-value problem with
a single initial datum ¢.

Imposing Cauchy data on an elliptic equation, or dropping u; from a wave equation, is precisely
what produces the ill-posed examples of Section 2.4.

2.5.4 One operator, three signatures

The classification is a change of coordinates on a single second-order linear operator. After the
reduction, the only invariant is the sign of ¢ (or the inertia of A in n variables). Laplace, heat,
and wave are the constant-coefficient normal forms of that one object, not three separate theories.
Characteristics then decide which data are natural, which is why the same Laplacian is well-posed
as a Dirichlet problem and ill-posed as a Cauchy problem (Section 2.4). Chapter 3 writes each
normal form as a convolution against a kernel. Later chapters discretize that kernel and keep this
classification.

2.6 Analyticity and the Laplace equation

In two dimensions a complex function is a real map of the plane. Write z = z + iy and f = u + iv,
and regard f as F(z,y) = (u(z,y),v(z,y)). The complex derivative at zy is the limit

f(z0+h) = f(20)
Y ,

F'(z0) = lim (2.42)

and the limit must be the same along every path h — 0 [2]. Two paths already force a relation
between the real partials. Along the real axis, h =t € R, the difference quotient is the real partial
of f:

I'(20) = fo = Uy + iv,. (2.43)

Along the imaginary axis, h = it with ¢t € R, the same quotient is (1/7) f,. Since 1/i = —i,
1 . . )
gfy = —i(uy +ivy) = vy — iuy. (2.44)

Equating (2.43) and (2.44) gives u, + iv, = vy — iu,. Real and imaginary parts match separately,
which is the Cauchy—Riemann system

Uy = Vy, Uy = —Uy (2.45)
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(the second identity is the same as u, = —uv,). If either path produced a different value, (2.42)
would not exist. As a first-order system for the vector (u,v),

@2 —f%) <u> - <8> | (2.46)

The first row is u; —vy = 0 and the second is uy + v, = 0. The Jacobian of F'is then multiplication
by the complex number f’:
Jp = (“x “y> — (“w “y> : (2.47)
Uy Uy —Uy Uy
so det Jp = u2 +ul = |f']%.

The Wirtinger operators are the change of coordinates that packages the two paths into one
complex equation. Solve z = x + iy and z = = — iy for the real variables, z = (z + 2z)/2 and
y = (z — 2)/(2i). The chain rule, treating z and z as the independent coordinates, is

9 _ Oz, LWy Ov 1 Oy _1 (2.48)

0z 0z 9z " 9z 20 0z 20
Since 1/i = —i one has 1/(2i) = —i/2, and likewise 0z/0z = 1/2, 0y/0z = —1/(2i). Therefore

0 1 1 1 1 1 .
s = 500+ 50y = 5(896 + gay) = 5(0: 9y, (2.49)
o 1 1 1 1 1 ,

These are not new derivatives of f. They are linear combinations of 0, and d,. Applied to f, the
combination Jf/0z is the average of the two difference quotients (2.43) and (2.44), and 0f/0% is
half their difference:

of 1 af 1

1 1 1
e 5(fz+gfy>v 97 §<fz—;fy) = §(ufv_vy+i(vx+“y))- (2.51)

The two quotients agree if and only if the difference vanishes, so holomorphy is exactly 0f/0z = 0,
which unpacks into (2.45). When that holds, f, + (1/7)f, = (uz + 1vz) + (vy — iuy) = 2uy + 200y,
and the average collapses to

of 1 . .
f = 5, = 5(2ux + 2ivg) = Uy + vy, (2.52)
with the rewriting f’ = u, — iu, from v, = —u,. The factor 2 sits inside the average and cancels;

it is not a separate formula for f.
Laplace’s equation is what remains after one more differentiation. Differentiate u, = vy in x
and uy = —v; in y, and add:

AU = Ugy + Uyy = Vyz — Vgy = 0, (2.53)

the mixed derivatives cancelling for v € C?. The same argument with the roles reversed gives
Av = 0. Thus each component of a holomorphic function is harmonic: in two dimensions, Laplace’s
equation is the real form of holomorphy. The converse, a harmonic conjugate on a disk, the
identification of the circle mean with Cauchy’s integral formula, and the conformal maps that
preserve this equation are proved in Chapter 4. The operator A itself is already the stationary heat
equation and the elliptic normal form of Section 2.5.
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Chapter 3

Analytic solution formulas

The three normal forms of Chapter 2 have explicit solutions when the domain is the whole space, a
half-space, a ball, or an interval [30, 21]. In each case the solution is the data integrated against a
kernel fixed by the operator. The heat kernel, the Newtonian potential and its boundary correction,
and the forward fundamental solution of the wave equation are the continuous forms of the factors
et A= and e " in Table 1.1. This chapter derives those kernels. Chapter 4 reads the two-
dimensional ones as contour integrals. Chapter 5 replaces the integral by a matrix.

3.1 The heat kernel

3.1.1 A self-similar solution

The Cauchy problem for the heat equation on the line is
Ut = Ugg, reR, t>0, u(z,0) = ¢(x). (3.1)

The equation is invariant under the parabolic scaling (x,t) + (Az, A%t). If u solves u; = g, for
t > 0, so does
up(z,t) = Au(Az, \2t), A>0. (3.2)

The factor A compensates the change of scale in the integral. Substituting y = Az, so that dx =
dy/ A, gives

/ uy(z,t)de = / u(y, \*t) dy. (3.3)
R R

Integrating the PDE, % Jgudz = [ tuze do = 0 whenever u, vanishes at infinity, so the mass does
not depend on time and the right-hand side of (3.3) equals [ u(y,t)dy. A solution fixed by every
such rescaling satisfies u = uy. Setting A = 1/1/¢ leaves a profile of the single variable y = x//t.
Seek

c T
u(z,t) = —=V(y), = —, 3.4
(z,t) i (y) V=7 (3.4)
with a constant c still free. The chain rule uses
g/ 1 1 oy 1 Y oy 1
— (=)= = (——)=—-= = = . 3.5
at (\/i) 22 ot ( 21&3/2) 26 9r Vi (35)
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Differentiating the ansatz,

up = cf 21;/2)‘/ + %V’(y}(—%) = 2t§/2 (V +yV'),
us = V') \2 = v, (3.6)
b= v
The heat equation u; = u,, is therefore
2753/2 (V+yV') = WV”' (3.7)

Dividing through by ¢/ t3/2 for t > 0 and ¢ # 0, leaves the ordinary equation
1
v+ vy v =o. (3.8)
2 2
The left-hand side is an exact derivative,
r Y ! o 1 Y
(v +2V) =V VIV =0, (3.9)

so V' + (y/2)V is constant. A profile that decays at infinity, together with its derivative, forces the
constant to vanish. Separating variables,

vy Y _ y?
A dy, logV = - V(y) = exp(—z) (3.10)
The multiplicative constant in V' has been absorbed into c. Substituting y = x/+/t gives
2
c x
u(x,t) = ﬁexp(fzt) (3.11)

The constant is fixed by conservation of mass. The change of variables z = x/(2v/t) has dz =
2v/tdz, and

1 z? 1 2
%exp<74—t) dz = 7i e 2Vtdz =267 dz. (3.12)

Since [*_ e~ dz = /7,
/ 7 4t) dz = 2/ = Vir. (3.13)

The choice ¢ = 1/+/4m makes the integral equal to one, because cv/4m = 1. The resulting function
is the one-dimensional heat kernel

2

eXp(—x—), t>0. (3.14)

['(z,t) = ym

1
VAt
It solves (3.1) for ¢ > 0, and its integral over the line is 1 at every positive time.

In n space dimensions the same Gaussian factors. The Laplacian is a sum of pure second
derivatives, and

x|? n
(2, t) = Wexp(—ut) _ izl_lll“l(mi,t), (3.15)
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where the prefactor is the product of the one-dimensional prefactors,

1 1\
T - ( wm) | (3.16)

Each factor solves the heat equation in its own coordinate and integrates to one, so the product
solves u; = Awu and integrates to one over R™. If the equation is u; = kAwu with diffusivity & > 0,
the same derivation with time scaled by k replaces (3.15) by

W). (3.17)

Fk(l’, t) = 7(47‘_]{;1;)”/2 exp(—rkt

The product form is a shortcut that hides the mechanism. The self-similar derivation also works
directly in R"™. Mass conservation and the scaling (x,t) — (Ax, A\?t) now require the prefactor
A" in place of A, so the ansatz is u(zx,t) = t~"/?V(y) with y = |z|/vt. For a radial function
A =92+ 219, and with r = yv/t the chain rule gives

T

Up = —%t*%*(nVerV')? Au:f%*l(V"—i-L; 1

V). (3.18)
Equating them leaves V" + "T_IV’ + 3(nV + yV’) = 0. Multiplication by y"~! turns the left side
into an exact derivative,

(v v+ %y”V)/ = 0. (3.19)

The quantity y" (V' + 4V) is constant, and it tends to 0 as y — 0 for a smooth profile, so the
constant is zero and V' = —4V. Hence V = Ce /4. Since Jgn e 17*/4 Qg = (47t)™/2, unit mass
fixes C' = (47)~"/2, which is (3.15). For n = 1 the profile equation is (3.8). The factor (n —1)/y is
the only trace of the dimension, as the term (n — 1)/r will be in the radial wave equation (3.112).

Figure 3.1 shows the one-dimensional kernel at three times: the mass stays equal to one while the
peak falls and the width grows like v/.

—t=1/20
11 —t=1/5 -
= — t=1
-
— 0.5} |

Figure 3.1: The heat kernel (3.14) at three times. Each graph has integral one. As t decreases the
peak rises and the mass concentrates at the origin, which is the approach to J.

3.1.2 Convolution against the initial datum

The kernel produces the solution of (3.1) for general initial data. Translation in x preserves the
equation, so I'(z — y, t) solves the heat equation for each fixed y. An integral of solutions against
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a density ¢ is again a solution:

This is the semigroup e’ applied to ¢. It is the same pattern as Duhamel’s formula (2.3), with
the scalar factor e**=) replaced by the kernel of e/,

If ¢ is bounded and continuous, u(-,t) converges to ¢ uniformly on compact sets as t — 0.
Because [T'(-,t) =1,

uest) = 0(0) = [ o () (000 — o) a. (3.21)

Fix ¢ > 0 and choose ¢ > 0 so that |¢(y) — ¢(z)| < € whenever |y — x| < 4, uniformly for z in the
compact set under consideration. Split the integral at that distance:

ju(a,t) —o()| < |

lz—y|<o

1 o — ul2
+prﬁ@ﬂwm@®GJ4f')ww—¢mﬂw.

The first integrand is at most € times the kernel, and the kernel integrates to at most 1, so the
near integral is at most . In the far integral, |¢(y) — ¢(z)| < 2||¢]|o. The change of variables
z = (z —1v)/(2V/t) has dy = (2v/t)" dz, and

v _ 1

T — 2
(@WwGQﬂW@www
(3.22)

= 3.23
(47Tt)n/2 an/2’ ( )
so the threshold |z — y| = § becomes |z| = §/(2/t) and the far integral is at most
1 2
2 Oo/ — e Il dz. 3.24
ol [ o (.24

As t — 0 the region of integration escapes to infinity and the integral of the fixed Gaussian tends
to zero. For ¢ small enough the tail is less than ¢, and |u(z,t) — ¢(x)| < 2. Thus I'(+, ) converges
to the Dirac mass § at the origin, in the sense that convolution against it reproduces continuous
data.

If instead ¢ € L'(R™), the same splitting works in L!. Continuity of translation in L' makes
the near region small, and the Gaussian tail makes the far region small, so ||u(-,t) — ¢|/;1 — 0. The
pointwise size of the kernel gives the bound

1

Ju(,t)]loo < Wllcblh- (3.25)

Both bounds are cases of Young’s convolution inequality, ||f * g||zr < || f|lzellgllzr for % +1=
% + 1. Since I' > 0 and [T(-,t) =1 one has ||T(-,t)||;1 = 1, and the choice r = 1, ¢ = p gives

(- D)lle < [1@llr,  1<p< oo (3.26)

The heat flow contracts every LP norm. The case p = oo is the maximum principle on the whole
space and p = 2 is the energy inequality (3.34); the earlier bound is Young with g =I" € L* and

f=¢peLh
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The same scaling gives smoothing. From I'(x,t) = t~"/2I'(x/+/t,1) and the fact that every
derivative of I'(+,1) is a polynomial times a Gaussian,

I
(Vi + |a])ntlal’

The right side is integrable in y for ¢ > 0, so derivatives of every order may be taken under the
integral in (3.20). The function u(-,t) is C* for ¢ > 0 even when ¢ is only bounded or integrable,
and this justifies the statement that an integral of solutions against a density is again a solution.
The constant ¢~1%/2 blows up as t — 0 and records that derivatives of rough data are large. Each
time derivative costs A, hence two powers of v/%.

A forcing term is Duhamel’s formula in space and time. The solution of u; = Au + f with
initial value ¢ is

0T (, )] < 05T ()| = Cl e 1172, (3.27)

t
u@w )= [ Ta=p0o@dy+ [ [ Ta—yt=s s dyds (3.28)
The inner integral at each frozen time s is (3.20) applied to the slice f(,s), and the outer integral
superposes those contributions after they have diffused for time ¢ — s. On a bounded domain the
same formula holds with I" replaced by the Green’s function (3.71), which subtracts a corrector so
that the boundary condition is met.

3.1.3 The maximum principle

On a bounded interval the maximum of a solution cannot appear in the interior of the space-time
rectangle. Let Q7 = (0,L) x (0,7] and write 0,Qr for the parabolic boundary, consisting of the
bottom {¢t = 0} and the lateral sides {x = 0} and {z = L}.

max u = max u (3.29)
Qr OpQr
whenever u; = uz, in Qp and w is continuous up to the closure. The argument compares u with
v =u+ex?. Then vy — vy = —2¢ < 0. At an interior maximum, or at a maximum on the open
top {t = T} x (0, L), one would have v; > 0 and vy, < 0, hence vy — vz, > 0, which contradicts
—2¢ < 0. The maximum of v is therefore attained on 9,Qr, where it is at most maxg, g, u + eL?.
Since u = v — ex?,
u < max u + eL? (3.30)
OpQr
everywhere in Q7. The parameter ¢ > 0 is arbitrary, so (3.29) follows. The same statement for —u
is the minimum principle. A solution of the initial-boundary-value problem is therefore controlled
by the initial datum and the prescribed lateral boundary values, which is the continuous dependence
half of well-posedness for this parabolic problem.

The comparison (3.29) is the weak maximum principle. The strong form adds constancy. If u,
ug, and ug, are continuous on the closed rectangle and w attains its maximum at a point (zg, to)
with 0 < 29 < L and 0 < tg < T, then u is constant on [0, L] x [0, tp]. An interior maximum is the
value u already takes throughout that earlier cylinder.

Uniqueness is the weak principle applied to a difference. Consider

Ut = Uyy oD Qr, u(z,0) = ¢(x), u(0,t) = g(t), u(L,t) = h(t). (3.31)
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If w; and ug both solve (3.31), then v = u; —ug solves the heat equation with zero initial values and
zero lateral values. The maximum principle gives v < 0 and the minimum principle gives v > 0, so
v =0.

The argument is not special to one dimension. Let Q@ C Bgr(0) C R™ be bounded, Qp =
Q x (0,7], and let 9,Qr = (2 x {0}) U (992 x [0,7]). If uy = Au in Qr and u is continuous
on the closure, then maxg-u = maxg,o,u. Set v = u + elz[2. Since Alz[*> = 2n, one has
vy — Av = —2ne < 0, and an interior (or top) maximum would force v; > 0 > Awv, a contradiction.
Hence u < maxg,q,. u+eR?, and € — 0 gives the claim. The same device proves the weak maximum
principle for harmonic functions: if Au = 0 in €2, then v = u + ¢|z|?> has Av = 2ne > 0, which
excludes an interior maximum (at a maximum the Hessian is negative semidefinite, so Av < 0),
and again maxgu = maxpgu. A comparison principle follows by applying these statements to a
difference: if u; — Au < w; — Aw in Q7 and u < w on 9,87, then v < w throughout. In particular
nonnegative data produce a nonnegative solution, so the heat flow preserves positivity. On the
whole space R™ the argument needs a growth bound such as |u| < Cealzl” at infinity. Without it
uniqueness fails (Tychonoff’s example), which is why the bounded solutions of Section 3.1.2 are the
right class.

The energy identity gives the same uniqueness with an explicit norm. Let w solve the heat
equation with w(0,t) = w(L,t) = 0. Multiply w; = w,, by w and integrate:

1d L 9 L L L 9 L
f—/ w(z,t)” dx :/ W Wy dx = {w wz} —/ (wy)*dx = —/ (wg)? dz < 0. (3.32)
2dt Jo 0 0 0 0

The boundary term vanishes because w vanishes at the endpoints. Integrating in time,

L L
/ w(z,t)?dz < / w(z,0)?da. (3.33)
0 0

Zero initial data remain zero in L?. The same inequality is the continuous form of the decaying
factor e*4 in Table 1.1: with A = 8, and Dirichlet conditions, the semigroup does not increase the
L? norm.

On R™ the boundary term is absent because of decay at infinity. Suppose w; = Aw and w
together with its first derivatives vanish at infinity fast enough that [, 0;(w0;w) dz = 0. Multipli-
cation by w and an integration by parts give

1d

—— [ wldz= wAwdr = —/ Vw|*dz < 0. (3.34)
2dt Jrn R™ R™

Every spatial derivative 0w solves the heat equation. Under the same decay for that derivative,

1d/ 0w de = —/ Voow|? dz < 0. (3.35)
2dt R™ Rn
Each derivative is therefore nonincreasing in L?.

A positive solution carries an entropy with the same sign. If w > 0 and the decay above
still holds, then Jy(wlnw) = (Inw 4+ 1)w; = (Inw + 1)Aw. The integral of Aw vanishes, and
V(lnw) = Vw/w, so

2
/ (mw)Awdz = - | V(lnw)-Vwdz = —/ Vel dz. (3.36)
n Rn n w
Therefore 5
% wlnwdzr = —/ Nydm <0. (3.37)
Rn n
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The decay of the entropy is also convex in time. Write S(¢) = — [wlnwdz and I(t) =
[|Vw|?/wdz, the Fisher information, so that (3.37) reads S’ = I > 0. In one dimension put
p = (Inw),. Then w, = wp and wy, = w(p? + pz), and ¢ = Inw satisfies ¢ = Wy /W = Qoo + G2,
so that p; = puy + 2pp.. With I = [wp? du,

I' = /wme—i-Q/wppt = /wp4—|-5/wp2pm +2/wppm. (3.38)
Two integrations by parts, using w, = wp and (wp), = wp? + wp,, give [wp?p, = —% [ wp* and
Jwppes = — [(wp)ape = 3 [wp* — [wp?2. The p* terms cancel, since 1 — 3 + 2 = 0, and
S"(t) = I'(t) = -2 / w ((Inw)ye)? de < 0. (3.39)
R

In n dimensions the same computation gives —2 [w |V?Inw|?, with the Hessian of Inw. The
entropy therefore increases and is concave: the production of entropy slows as the profile approaches
a Gaussian. For w = I" one has S = 3 In(4ret), S’ = 1/(2t), and S” = —1/(2t?), in agreement with
(hl F):m = _1/(2t)‘

3.1.4 The half-line

Boundary conditions are imposed by reflection, as for the wave equation in Section 3.4.2. Consider
Ut = Ugy for x > 0, t > 0, with u(x,0) = ¢(z) and u(0,t) = 0. The compatibility condition
¢(0) = 0 is needed for u to be continuous at the corner. Extend the data oddly, ¢,(—z) = —¢(z).
The whole-line solution U = T'(+,t) * ¢, is odd in z, because the kernel is even and ¢, is odd, and
an odd continuous function vanishes at = 0. Its restriction to x > 0 solves the half-line problem.
Split the integral at y = 0 and substitute y — —y on the negative part:

u(e,t) = [ [0 = .8) = T + 9.6 6(y) . (3.40)

For a Neumann condition u,(0,t) = 0 the extension is even, and

u(z,t) = /OOO T(z—y,t) + Tz +y,t) é(y)dy. (3.41)

Both boundary conditions can be checked directly: at x = 0 the bracket in (3.40) is I'(—y,t) —
I'(y,t) = 0, and the z-derivative of the bracket in (3.41) is T'y(—y,t) + I'y(y,t) = 0 because
I'; is odd. The bracket is the heat kernel with the boundary corrector of (3.71): the corrector
YY(x,t) = £ (x + y,t) is the kernel of an image source at —y, exactly as the mirror point Z in
(3.77). On a bounded interval (0, L) the reflections at the two ends produce images at 2kL £ y
for all integers k, and the kernel is the sum >, [['(z — y + 2kL,t) — I'(z + y + 2kL,t)]. By the
Poisson summation formula this sum equals the sine series (3.129). The image sum is efficient for
short times, when only the nearest images matter, and the series for long times. On a grid the
odd extension about a Dirichlet node is the discrete sine transform and the even extension about
a Neumann node is the discrete cosine transform, as recorded in Section 5.10.

3.2 The Newtonian potential

The stationary problem is Poisson’s equation —Au = f on R™, n > 2. A radial solution of the
homogeneous equation Au = 0 for = # 0 depends only on r = |z|. In radial coordinates

n—1, 1
o =

r ol

(r" 1), (3.42)
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so "L/ is constant. Call the constant A. Then

u(r) = : (3.43)

For n = 2 this is v/ = A/r, and one integration gives u = Alogr. For n > 3,

A A

1
u(r) = A/ pn—1 dr = (2—n)rn—2 - (n—2)rn=2" (3.44)

Write «,, for the volume of the unit ball in R”, so that the surface area of the unit sphere is na,.
The constant A is fixed by requiring the flux through every small sphere to equal one. On |z| = ¢
the radial derivative is A/e"~!. The outward unit normal to the domain with the ball removed
points toward the origin, so

ou A

— = ——. 3.45

ov gn—1 (3:45)
Multiplying by the area na,c"~! gives the flux —Ana,,. The value 1 forces A = —1/(nay,). For
n = 2 one has nay = 27, hence u = —(1/(27)) logr. For n > 3, (3.44) becomes

1
= ) 3.46
u(r) n(n — 2)ay, rm—2 ( )
The fundamental solution, or Newtonian potential, is this radial profile:
1
—2—10g\x|, n =2,
7r
O(x) = (3.47)
1 >3
n > 3.
n(n —2)ay, |z["=2"
Both formulas are instances of one gradient. Differentiating (3.43) with A = —1/(nay,) and writing
the radial unit vector as x/|z| gives, for z # 0,
Vo(z) = - & (3.48)
T)=——"—. .
noy, ||

In three dimensions as = 47/3, so n(n — 2)ag = 4w and ®(z) = 1/(4r|x]).

The distributional identity is —A® = §. Test ¢ against a compactly supported smooth function
f and excise the ball B, about the origin. On the excised domain ® is smooth and harmonic, so
Green’s second identity, recorded in (3.60) below, leaves two integrals over the sphere |z| = . The
outward unit normal to the excised domain points toward the origin, v = —z/|x|. One integral
contains ® times the normal derivative of f. On that sphere |®| is bounded by a constant times
|loge| when n = 2, and equals 1/(n(n — 2)a,e""2) when n > 3. Multiplied by the area na,e" !,
the integral is of order ¢|loge| or of order €, and both tend to 0 as € — 0. The other integral is the
flux of V®. Combined with (3.48),

Zi} = nanlsnl on |z| =e¢, (3.49)

so the flux equals 1 for every € > 0. The spherical average of the test function therefore tends to
its value at the origin. Passing to the limit produces

~AD =5  inR™ (3.50)
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Consequently the Newtonian potential of a compactly supported forcing,

u(@) = | ®@—y) fy)dy = (2 f)(), (3.51)
solves —Au = f. Formally, —Au = (—A®)x f = dxf = f, and the excision above is the justification
for f € C®. Equation (3.51) is the whole-space form of A~! applied to f, before any boundary
condition has been imposed.

A harmonic function satisfies the mean-value property. If Au = 0 in a domain containing the
closed ball B, (z), then

1 1
ds = dv. 3.52
(@) = 0B, ()] Jop.(2) " 1B.(@)] Jp, )Y 552

Write the spherical mean as ¢(r) = OB, @) B, Il f 0B, (z) U dS. The change of variables y = x + rz moves
the integral to the unit sphere. Dlﬁerentlatmg in r and returning to y gives

, 1 ou 1

2= 0B, om0 T 9B, S ST 559
where the second equality is the divergence theorem. Thus ¢ is constant, and its limit as r —
0 is u(z). Integrating the spherical means in r gives the solid-ball formula in (3.52). In two
dimensions the spherical mean is the real part of Cauchy’s integral formula, proved from the
integral in Section 4.8. The strong maximum principle is the same identity: a harmonic function on
a bounded connected domain that attains its maximum at an interior point equals that maximum
on a ball, and a chain of such balls fills the domain, so the maximum is attained everywhere. The
maximum of a harmonic function on a bounded domain is therefore attained on the boundary.
If two solutions of —Au = f share the same boundary values, their difference is harmonic and
vanishes on 02, so the maximum and minimum principles force the difference to vanish.

3.2.1 Poisson as the time integral of heat

The two kernels are related by ®(z) = [;°T'(z,t)dt for n > 3. Substitute s = |z|?/(4t), so that
t = [2[2/(4s), dt = —Z2ds, and (47t)~"/2 = 7=/2|[ """/, Then

0o o—lzl?/4t 1 2 [ . Pp(2 —1)
dt = S 7728 ds = —2 g2 3.54
/0 (4mt)n/2 T /0 sz ‘e S - lz|=7", ( )

where I'g is Euler’s gamma function and the integral converges at s = 0 only if n > 3. With
ap =72/ TE(%+1) and Tp(2 +1) = 2(% — 1)T'g(% — 1) one finds n(n — 2)a, = 47"/2/Tg(% — 1),
so the right side is W = ®(z). The identity also follows without computation. Since
It = AT,

—A/OTth _ —/OTrt dt = T(-,0) = T(-,T) = 6 —T(-, T), (3.55)

and I'(-,T) — 0 as T'— o0, so the limit of the integral solves —A® = §. For n = 1,2 the integrand
decays only like t~/2 and the integral diverges at large ¢; the logarithmic ® of n = 2 is obtained
after subtracting an infinite constant.

This is the continuous form of A=! = ' et dt, which for a symmetric positive definite A
is the scalar identity A~! = Jo° e A dt applied to every eigenvalue. The heat semigroup e has
the kernel I', the inverse of —A has the kernel ®, and the second is the time integral of the first:
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solving Poisson’s equation is following the heat flow to its steady state. The integral converges
when the spectrum is bounded away from zero. On R"™ the spectrum of —A reaches 0 and the
integral converges only for n > 3, because of the decay of I". On a bounded domain with Dirichlet
data the lowest eigenvalue \; is positive, e 4 decays like e, and G(z,y) = Jo° G(z,y,t)dt in
every dimension, with G(z,y,t) the Dirichlet heat kernel of (3.71). The decay rate also controls the
truncation: stopping the integral at T leaves an error of order e *7T so the horizon grows with the
inverse of the smallest eigenvalue, that is, with the condition number. The same representation of
A~ as an integral over a semigroup is what linear combination of Hamiltonian simulation exploits
in Section 11.7, and the Cauchy integral for 1/z in Section 9.5 writes the same inverse as a contour
integral of resolvents.

3.3 Green’s function

3.3.1 The boundary correction

Green’s formulas rest on two theorems of vector calculus, recorded here because the rest of the
chapter uses them repeatedly. Let Q C R™ be a bounded domain with piecewise smooth boundary
and let v be the outward unit normal, as in Figure 3.2. For a vector field F € C'(Q;R") the
divergence theorem states

/ V.-Fdr= F-vdSs. (3.56)
Q [2/9]

The left side adds up the sources of the field inside €2 and the right side is the net flux that leaves
through the boundary. It is the conservation argument behind u; = kAwu and behind the spherical-
mean identity of Section 3.2. For © = (a,b) in one dimension, 9Q = {a,b} with v = —1 at a and
v =+1 at b, and (3.56) is the fundamental theorem of calculus F'(b) — F(a) = ff F'dx.

Stokes’ theorem is the companion statement for circulation. Let S C R? be a smooth oriented
surface with unit normal v and boundary curve 0.5, traversed counterclockwise when seen from the

tip of v. For F € C1(S;R?),

/S(v < F)ovds=¢ Pear (3.57)

Take S = Q) to be a plane region with v = ez and F' = (P,Q,0). Then (V x F) -e3 = Q; — P, and
(3.57) becomes Green’s theorem in the plane,

/ (Qr — P))dxdy = ?f Pdx + Qdy. (3.58)
Q o0

On a counterclockwise curve with tangent 7 = (71, 72) the outward normal is v = (72, —71), so
vdS = (dy, —dz). With F = (Q, —P) the divergence theorem (3.56) reads [,(Q. —P,) = § Qdy+
Pdz. In two dimensions the divergence theorem and Stokes’ theorem are therefore one identity
written with a normal or with a tangent. For a function f = u + iv the same identity applies to
¢ fdz = $(udr—vdy)+i$(vder+udy). The area integrands are —(v;+u,) and u; — vy, and both
vanish by the Cauchy-Riemann equations (2.45). This gives Cauchy’s theorem for C'! functions,
and Chapter 4 proves it without assuming that f’ is continuous.

The two integral identities that move derivatives off a solution and onto a kernel are Green’s
formulas. For u,v € C?(Q) and v the outward unit normal,

/vAudx:/ vaudS—/Vv-Vudx, (3.59)
Q o Ov Q
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Figure 3.2: A bounded domain €2 with the outward unit normal v on its boundary. The boundary
is traversed counterclockwise, so €2 lies on the left of the tangent 7. In the plane v is 7 turned
clockwise by a right angle, which is why (3.56) and (3.58) are one identity.

ov ou
/Q(UAU —vAu)dz = /BQ (u% — va) ds. (3.60)

The first is (3.56) applied to F' = vVu, because V - (vVu) = Vv - Vu + vAu. The second is the
first applied twice, with 4 and v exchanged, and subtracted. On the whole space the boundary
term is absent at infinity for the class of f in (3.51), and one recovers convolution against ®. On a
bounded domain the boundary term survives, and the kernel has to be corrected.

The goal is a formula for the solution of the Dirichlet problem

—Au=f inQ, u=g on J, (3.61)

in terms of f and g alone. The whole-space kernel ® does not suffice, and seeing why shows what
the correction must do. Fix z € Q and apply (3.60) to u and v(y) = ®(y — z) on Q. = Q\ B:(x),
where Av = 0. The left side is — [ ® Audy = [o_®fdy. The boundary of . consists of €
and the sphere |y — x| = . On that sphere the outward normal of €. points toward z, and
0,® = 1/(naye™ ') by the flux computation for ®, while the area is na,e" '. The integral of
u 0, ® over the sphere is therefore the mean of w on it, which tends to u(x). The integral of ® d,u
is of order ¢|loge| for n = 2 and of order ¢ for n > 3, and tends to 0. In the limit

ou

0P
uw) = [ ®ly-2)fw)dy~ [ updas+ [ eZtas. (3.62)

On the whole space the two boundary integrals are absent and this is (3.51). On a bounded domain
the Dirichlet problem prescribes v = g on 02 but not the normal derivative d,u, which is part of
what is being solved for. The last integral is unknown, so (3.62) is not yet a solution formula. The
cure is to replace ®(- — x) by a kernel that vanishes on 02, so that the term v d,u in (3.60) drops
out.

Let 2 C R"™ be a bounded domain with smooth boundary. The Green’s function G(x,y) for
—A with homogeneous Dirichlet conditions is defined, for each fixed x € (), by

where the corrector ¢* solves
Ay¢p® =0 in Q, " (y) = Py —x) fory € IN. (3.64)

The corrector is harmonic in y, so it does not change —A,G = §,. It cancels ®(- — x) on the
boundary, so G(z,-) = 0 on 0f). The singularity remains exactly that of ®. The two requirements
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fix the form of the correction. Adding a harmonic function is the one modification that leaves
the equation and the singularity at = untouched, and the boundary values are the only thing it
can change. The corrector exists: for interior « one has |y — x| > dist(x,9Q) > 0 on 9%, so the
boundary values ®(- — ) are smooth, and the Dirichlet problem (3.64) has a unique solution on a
smooth bounded domain. Uniqueness is the maximum principle of Section 3.2.

Three properties of the problem make this definition legitimate, and it breaks down when one
of them fails. The first is linearity. Since —A is linear,

DG = —Ay® + Ayd® =6, +0, (3.65)

so a solution of the homogeneous equation can be added or subtracted without changing the source.
For a nonlinear equation this superposition is not available. The second is the existence of a whole-
space fundamental solution. An operator with constant coefficients is invariant under translation,
so ®(- — z) exists for every x and carries the point source. What remains is a homogeneous
problem, whose boundary values can be adjusted. The third is that the Dirichlet problem for
Laplace’s equation is well-posed in the sense of Section 2.4: every continuous boundary datum has
exactly one harmonic extension, by the Poisson kernel on a ball and by the maximum principle for
uniqueness. This guarantees that the requirement “cancel ® on the boundary” can always be met.
For an ill-posed boundary problem, such as Cauchy data imposed on an elliptic equation, no such
corrector exists. The same three properties give the corrector ¢¥ of (3.71) for the heat equation,
because the initial-boundary-value problem of Section 3.1.3 is well-posed.

A fourth ingredient decides what the corrector has to do. Green’s second formula (3.60) is
available because —A is formally self-adjoint. It moves the derivatives from u to the kernel and
leaves the boundary term u d,v — v J,u, in which one factor is known and the other is not. The
corrector must remove the unknown factor, so it depends on the type of boundary condition. For
Dirichlet data d,u is unknown, and G must vanish on 0f2. For Neumann data u is unknown,
and one would need 9,G = 0. That cannot be reached by adding a harmonic function, because
integrating —AG = 0, over €2 gives — [3, 0,G = 1. The source itself has to be corrected by its
mean, which leads to the modified Green’s function (3.93) of Section 3.3.6.

The unknown term of (3.62) is removed in two steps. First apply (3.60) to u and the corrector
¢®, which is harmonic and smooth on all of £, so that no ball has to be removed:

. B 09" . Ou
/Q¢ fdy_/m(uW ¢ 8V)dS. (3.66)
Since ¢* = ®(- — z) on 012, the unknown integral in (3.62) equals
ou Ioloxd
o g5 = dS—/ fdy, 3.67
s s Loy (3.67)

which involves only the boundary values v = ¢g and the known function ¢*. Second, substitute
this into (3.62) and collect the terms with G = ® — ¢*. For the solution of (3.61) the result is the
representation

oG

9(y) af(x, y)dS(y). (3.68)
Q vy

u(e) = [ Gla.y) Sw)dy— [

Homogeneous Dirichlet data g = 0 leave only the volume integral: applying A~! is integration
against G. Nonzero boundary data are read from the conormal derivative of the same kernel.
Finding G explicitly means finding the corrector ¢®. On an interval, a half-space, and a ball the
corrector is elementary. On a general domain it is itself a Dirichlet problem for Laplace’s equation,
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which is the problem one was solving; the formula remains the structural description of the inverse,
and the matrix of Chapter 5 is what one computes instead.

The maximum principle gives two properties of G. The function G(z, -) is harmonic in Q\ {z},
vanishes on 02, and tends to +o0o at x, so it is positive. For n > 3 the boundary values of ¢* are
positive, hence ¢* > 0 and 0 < G(z,y) < ®(y — z): the boundary lowers the potential of a point
source. A positive function that vanishes on 0f) decreases in the outward direction, 9,G < 0, so
the weight —0G/0v, that multiplies ¢ in (3.68) is nonnegative. The harmonic extension of g is
therefore a weighted average of the boundary values. The weights sum to one, because u = 1 solves
(3.61) with f = 0 and g = 1. The Poisson kernels of the half-space and the ball below are these
weights.

The construction has a physical reading. The function ®(y — x) is the potential of a unit point
charge at x in free space. If the boundary is a grounded conductor, the potential must vanish
there, and the surface acquires an induced charge. The field of that induced charge is —¢*. For
a half-space and for a ball the induced charge can be replaced by one image charge at the mirror
point Z, which is the corrector found below.

A one-dimensional case shows all the steps. On = (0,1) the fundamental solution of —d?/dy?

is ®(y) = —|y|/2, because (|y|)” = 2§. The corrector is the linear function
T4y
¢(y) =2y — —— (3.69)

It is harmonic, since ¢*” = 0. At the endpoints ¢*(0) = —x/2 = ®(0 — ) and ¢*(1) = (x —1)/2 =
®(1 — x). Therefore
_ly—a] T +y

5 Y + = min{z, y} (1 — max{z, y}), (3.70)

G(l‘,y) =

which is (3.75) with @ = 0 and b = 1. The corner of —|y — z|/2 carries the source d,, and the linear
corrector tilts the graph until it vanishes at both ends.
The same correction applies to the heat equation. On a bounded spatial domain the kernel in
(3.28) is replaced by
G(z,y,t) =T (x —y,t) —¢YY(x, 1), (3.71)

where, for each frozen source point y and for ¢t > 0, the corrector ¥¥ solves the heat equation and
equals I'(z — y,t) for z on the lateral boundary. Then G vanishes on that boundary, and the rep-
resentation of an initial-boundary-value problem is (3.28) with I' replaced by G. The construction
is the parabolic form of (3.63).

3.3.2 The interval

On a bounded interval the corrector is a linear function, and G can be written in closed form.
Consider
—u"(x) = f(x), a<z<b, u(a) = u(b) = 0. (3.72)

The Green’s function G(z, §) satisfies —0,,G = §(x — &) together with G(a,§) = G(b,£) = 0. Away
from x = £ the general solution is linear. Vanishing at the endpoints forces

A(x—a), a<z<E,

(3.73)
B(b—x), £<zx<b.
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Continuity at = = & gives A({ —a) = B(b—¢). The derivative jumps: integrating —0;,G = §(z — &)
across £ yields 0,G(§—) — 0.G(§+) =1, so A — (—B) = 1. Solving the two algebraic equations,

_b=e o p_tza (3.74)

Cb—a’ b—a’

A

and therefore

(min{a, ) — ) (b — maxa,£))
b—a

The solution of (3.72) is u(x) = ff G(x,€) (&) d. Figure 3.3 shows the graph for one source point:

two straight pieces meeting at a corner. The corner is the jump of the derivative. The function is

symmetric in (x,§), which is the one-dimensional case of Section 3.3.4.

G(z,8) = . (3.75)

G(x,€)

0.1

Figure 3.3: The Green’s function (3.75) on (0, 1) for £ = 0.35. The height of the corner is £(1—¢) =
0.2275. The slope jumps by —1 across £, which is —0,,G = §(z — §).

Section 5.7 replaces (3.72) on (0,1) by the linear system Au = f with the tridiagonal matrix
(5.76). That matrix is a consistent discretization of —d?/dx?, and its inverse samples the kernel:
if h=1/(n+1) and x; = ih, then

(A‘l)l.j = hG(x;, ;). (3.76)
The factor h is the quadrature weight in u(z;) = fol G(z,€) f(§)dE. Thus the quantum linear-
system problem for this Poisson equation is a discrete reading of integration against (3.75).

3.3.3 The half-space and the ball

On the half-space R} = {z : x, > 0} the corrector is a reflection. Write Z = (', —x,,) for the
mirror image of x = (2, x,) across the plane z,, = 0. For y in the closed half-space and z in the
open half-space the point Z lies outside R”, so y — ®(y — &) is harmonic in y throughout the
half-space. On the boundary plane y,, = 0 one has |y — x| = |y — Z|, and since ® depends only on
distance,

G(z,y) =2y —z) - 2(y — 7) (3.77)

vanishes for y, = 0. This is (3.63) with ¢*(y) = ®(y — ).

The Poisson kernel is the boundary integrand in (3.68). The outward unit normal on {y, = 0}

points out of the half-space, v = —e,,, so 9/0v = —0/0y,,. From (3.48),
8 1 Yn — Tn

T oy —a)=—— .
Oyn (v ) noy, |y — x|”

(3.78)
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At y, = 0 the two distances agree and &, = —x, so
8 xn a x’l’l

—d(y—ar)= ——, —d(y—2)=— . 3.79
5 P = o ey E) = (3.79)
Subtracting these contributions gives
oG 2%
— (=, = 3.80
@J wyﬁo noy |z — y[" 50

For Au = 0 in the half-space with u(y’,0) = ¢g(y), formula (3.68) with f = 0 therefore gives

2y, , ,
u(e) = [ 7 90/ (3:81)

n—1 nay, [z — (y',0

The integrand’s coefficient is the Poisson kernel of the half-space. The same expression holds for
n = 2 and for n > 3, because both cases share the gradient (3.48).

On the ball the corrector is a reflection in the sphere rather than in a plane. For the unit ball
and x # 0 the inverse point # = x/|z|? lies outside the ball, and |Z| = 1/|z|. If |y| = 1,

2 212 (02 x Ly 2 _ 2
z|° |y — 2|° = || (1—23/'W+W)—]m\ —2y-x+1=|z—yl|, (3.82)

so |z||y — &| = |y — z|. The function y — ®(|z|(y — %)) is harmonic inside the ball, because its only
singularity is at Z. On the sphere the distances agree, so for n > 3

L 1 B 1 VR
el =) = el 2™ = Danly—af? — CW T (389

while for n = 2 the same identity gives log(|z||y — Z|) = log |y — x|. Hence
Gz, y) =2y — ) — (|| (y — 7)) (3.84)

is the Green’s function of the unit ball. The boundary integral (3.68) reduces to the Poisson kernel
of a ball of radius r,

r? — |z|?

K(z,y) = u(z) = K(z,y) 9(y)dS(y), (3.85)

nay 1z —y[n’ 9B,

for Au =0 1in B, and u = g on dB,. The half-space formula (3.81) is the limit of (3.85) under
dilation. Both are the same correction (3.63): subtract a harmonic function that matches ® on the
boundary. On a general domain the corrector is the Dirichlet problem (3.64), and the representation
(3.68) is realized numerically by the matrix A1

3.3.4 Symmetry

The kernel is symmetric,
G(z,y)=Gy,z), xyeQ, z#y. (3.86)

To see it, fix two distinct points and set v(z) = G(z, 2), w(z) = G(y, z). Both vanish on 012, and
both are harmonic away from their own singularities. Apply (3.60) on  with small balls about
z and about y removed. The integral over 0f) vanishes because v = w = 0 there. The integrals
over the two small spheres reduce, by the same flux computation as for ®, to w(z) and v(y).
They cancel only if w(x) = v(y), which is (3.86). The one-dimensional formula (3.75) is visibly
symmetric. The matrix (5.76) is symmetric for the same reason: it is a discretization of an operator
whose inverse kernel satisfies (3.86), and the stencil itself was chosen so that the discrete operator
remains self-adjoint.
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3.3.5 Linear response

The kernel G is the response of the solution to a source. For —Au = f in Q with v = 0 on 912,
formula (3.68) reduces to

u(e) = [ Gla,y) ) dy (3.87)

A change of the source changes the field by the same kernel,

Su(z) = /Q G, y) 51 (y) dy. (3.88)

The value G(z,y) is the solution at x produced by a unit source at y. The heat representation
(3.28) has the same form with a causal kernel: a source acting at (y, s) contributes at (x,t) through
Iz —y,t —s) when t > s.

On the grid of Section 5.7 one physical reading of the field is a linear functional. With homo-
geneous Dirichlet data, (3.76) converts that functional into the kernel,

Zciui = Zci(A_l)ijfj = chhG(l'z,l']) fj. (3.89)
i ij ij

Section 1.4 asks a quantum algorithm for this scalar—a voltage, a flux, or an overlap—because

recovering every entry of u repeats the algorithm once per unknown.

The same convolution, when the source is a term in a Hamiltonian, is the Kubo formula [31].
Let H(t) = Hyp— F(t) B, where the amplitude F is a classical function of time and B is the operator
it couples to, and let A be the observable that is read. In the units & = 1 of the factor e *H
in Table 1.1, the Heisenberg operator generated by Hy is Ap(t) = €0 Ae~"Ho  and likewise for
B. An equilibrium state pg commutes with Hy. Pass to the interaction picture, in which these
are the evolved operators and the state carries the perturbation. The von Neumann equation
i0ypr = [V1, pr] with V= —F B, kept to first order in F, integrates to

pr(®)=po+i [ () [Buls) o] ds. (3.90)

The deviation of (4) = Tr(pA) is Tr((pr(t) —po)Am(t)). Cyclicity of the trace and the commutation
of pg with Hy move the operators into one expectation that depends on the time difference only:

Tr([Bu(s), po] Au(t)) = ([Am(t), Bu(s)]), = ([Au(t — 5), B]),, (3.91)

where (-)g = Tr(pp -). Therefore
SLAN(t) = /_ : xaB(t—$) F(s)ds,  yan(t) = i0(t) ([Au(t), B]),. (3.92)

The step 0(t) equals 1 for t > 0 and equals 0 for ¢ < 0, so the response at time t uses only the
source at earlier times. That is the causality of the heat kernel and of the domain of dependence
ly — x| < ct. The retarded correlator GEz(t) = —i0(t) ({[A(t), B)])o is the operator form of the
kernel in (3.88), and (3.92) says xyap = —GLp. Formula (3.90) is the linear term in F. Chapter 9
leaves aside the expansion of G® in a two-body interaction.
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3.3.6 Neumann data and the modified Green’s function

Replace the Dirichlet condition by a Neumann condition and the construction fails. On the interval
consider —u” = f on (0,1) with 4/(0) = u/(1) = 0. Integrating the equation gives 0 = —[u']} =
fol f dz, so a solution exists only if [ f = 0, and then w is determined only up to an additive constant.
The recipe for G breaks in the same way: a function with —G” = 6(z — §) and G'(0) = G'(1) =0
would give 0 = —[G']§ = [ § = 1. There is no Green’s function. In R™ the divergence theorem gives
Jo f = — Jsq 0vu = 0, the compatibility condition of Section 2.3, and the constants span the kernel
of the operator. This is the continuous counterpart of the singular matrix of Section 5.8.2, whose
null vector is 1.
The remedy is to subtract the mean of the source. The modified Green’s function satisfies

—AyG(z,y) = 0.(y) — in Q, 0,G =0 on 99, /QG(.I‘, y)dy = 0. (3.93)
The right side now has zero mean, so the problem is solvable, and the last condition removes the
free constant. On (0, 1) the solution of —G” = §(z — &) — 1 with G'(0) = 0 is G'(z) = = — 1,>¢,
which also satisfies G’(1) = 0. Integrating once more and imposing fol Gdx =0,

2 ¢2
1
Gla,€) = & ;5 — max{z,€} + 5. (3.94)
It is symmetric in (x,§), and its eigenfunction expansion is G(7,&) = > ;>4 w, the

cosine modes with eigenvalues (km)? and without the mode & = 0. For a source with [ f = 0
the solution is u(z) = [ G(z,y)f(y) dy plus a constant, because the added term 1/|€| integrates
against f to zero. The matrix analogue is the pseudoinverse: G is the kernel of AT on 1+, the
right-hand side must lie in the range of A, and the condition number is measured by the smallest
nonzero eigenvalue, which is 72 in the continuum and A; of (5.103) on the grid. The quantum
linear-system solvers of Chapter 9 invert only the nonzero singular values, so the pure Neumann
problem is a legitimate instance after the source has been projected onto 1.

3.3.7 The variational form
The symmetry of G and of the matrix A has a variational counterpart. For —Au = f in Q with
u = 0 on 0f2 define the energy
1 2
T(v) = / (5190~ fv)dz, v =0ono0. (3.95)
Q\2
The solution u minimizes J. For any admissible w with w = 0 on 01},

J(u+w) =J(u)+ /Q(Vu -Vw — fw)dz + ;/Q |Vwl|? dz. (3.96)

Green’s first formula (3.59) with the boundary term absent gives [Vu-Vw = — [wAu = [ fw,
so the middle term vanishes and J(u + w) = J(u) + 1 [|Vw|?> > J(u), with equality only for
Vw = 0, hence w = 0. The solution is the unique minimizer, which is another proof of uniqueness.
Conversely, a minimizer satisfies —Au = f, the Euler—Lagrange equation, so Poisson’s equation
is a minimum problem. Dropping the boundary constraint leads to the Neumann condition as a
natural boundary condition: J(v + const) = J(v) — const [ f is bounded below only if [ f = 0, the
compatibility condition above.

35



On the grid the energy is J(v) = %VTAV — b'v for a symmetric positive definite A, whose
minimizer solves Av = b. The finite element method of Section 5.11 minimizes J over a finite-
dimensional subspace V},, and the identity J(v) — J(u) = 3||V(v — u)||? shows that the Galerkin
solution is the best approximation of u in the energy norm. Variational quantum solvers, Chap-
ter 16, likewise replace inversion by the minimization of a cost over parameters, and the energy J
is one such cost for a symmetric positive definite system.

3.4 The wave equation

3.4.1 d’Alembert’s formula

The one-dimensional wave equation
U = gy, reR, t>0, (3.97)

with ¢ > 0, asks for Cauchy data u(x,0) = ¢(z) and w(x,0) = ¥(z). The characteristic coordinates
of Section 2.5.3 are £ = x + ¢t and n = = — ct. In these coordinates
Op = O¢ + Oy, Oy = cO¢ — cOy. (3.98)
A second differentiation gives
Opz = Oce + 20¢y + Oppy,
T 2££ 5712 Ui ) (3.99)
Oy =c 855 — 2c 8@7 +c (91777,

and therefore
Ut — CUyy = —4c2u§n. (3.100)

Equation (3.97) is ug, = 0. Integrating in ¢ shows that u, is independent of &, and integrating
again shows that
u(x,t) = F(x 4 ct) + G(x — ct) (3.101)

for two profiles F' and G of a single variable. The initial conditions become F(z) + G(z) = ¢(x)
and ¢(F'(x) — G'(z)) = ¢(x). Integrate the second identity from 0 to s and solve the linear system:

o) o
) =57+ 5 [ vy do+ 4, -
G(s):¢(28)—210/0 W(o)do + B,

with A+ B = 0 because F'(0) + G(0) = ¢(0). Substituting s = x + ¢t and s = z — ct, the constants
cancel and the two integrals of ¢ combine into one interval. The result is d’Alembert’s formula

o(x 4 ct) + ¢p(x — ct) n 1 /x-‘rct

u(x,t) = 5 % P(s)ds. (3.103)

x—ct

The value at (x,t) depends only on the data in the interval [z — ct,z + ct]. That interval is the
domain of dependence. Its endpoints travel along the characteristics x + ¢t = const at speed c,
which is the finite propagation speed already read off from the type in Section 2.5.3. The first term
propagates the displacement, half to the right and half to the left. The integral propagates the
initial velocity, uniformly across the interval that the two waves have swept. A corner in ¢ remains
a corner, transported along the two families of lines.
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3.4.2 The half-line

On the half-line x > 0 with a homogeneous Dirichlet condition u(0,t) = 0, the same formula
applies after the data have been extended oddly. Set ¢(—z) = —¢(x) and ¢(—z) = —i(z) for
x > 0, and &(0) = 1/7(0) = 0. The odd extension of the solution of the whole-line problem stays odd
for all later times, because (3.103) preserves oddness, and an odd continuous function vanishes at
x = 0. Restricting to x > 0 gives the solution of the half-line problem. Explicitly, the backward
characteristic from (z,t) meets the initial line before it meets the boundary when = > ct, and the
formula is (3.103) with the original data. When 0 < = < ¢t the left-going ray has reflected, the odd
extension supplies a minus sign, and

o(ct +x) — Pplct —x) 1 [ette
2 +?c/c

u(z,t) = P(s)ds. (3.104)

t—x

Reflection at a Dirichlet end reverses the sign of the incoming wave. A Neumann condition u,(0,t) =
0 is the same construction with even extensions, and the reflected wave keeps its sign.

3.4.3 Energy and finite propagation speed

The wave equation conserves an energy, and this is the structural difference from the heat equation.
For uy = ¢?Au on R™ with data of compact support, put

1

E() = 5/ (? + E|Vul?) da. (3.105)
Rn

The first term is the kinetic energy of the motion and the second is the elastic energy stored

in the stretching of the string or membrane. Differentiate under the integral, use V - (u;Vu) =

Vu; - Vu + ugAu, and apply the divergence theorem (3.56):

E'(t) = / (weug + Vu - Vuy) da
Ree (3.106)

n

= / wg (ug — CQAU) dx + 02/ V- (wVu)dz =0.
Rn

The first integral vanishes by the equation and the second by decay at infinity (or by u = 0, hence
ug = 0, or d,u = 0 on the boundary of a bounded domain). Compare (3.34): for the heat equation
the same multiplication gives %% [w? = — [|Vw|? <0, an inequality, so the heat flow contracts
and forgets its data. The wave flow conserves E and is reversible, ¢t — —t being a symmetry of
the equation. In the language of Table 1.1 the heat equation is the contraction e!4 and the wave
equation, written as a first-order system for the pair (u,u;), is the norm-preserving group e tH
with H = ¢/—A, and E is the squared norm. In the sine basis of (3.132) every mode keeps its
own energy.

Two consequences follow without any formula. If w; and wy solve the same Cauchy problem,
then u = w3 —ug has F(0) = 0, hence E(t) = 0 for all ¢, hence u; = 0 and Vu = 0; since u(-,0) = 0,
one gets u = 0. The Cauchy problem has at most one solution in every dimension. The second
consequence is finite propagation speed, which can be proved in the same way on a shrinking ball.

For zg € R", R > 0,and 0 <t < R/c let
1

== (u? + 2| Vul?) dz. (3.107)
2 JBr_ct(x0)

e(t)
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The domain shrinks at speed ¢, which contributes a boundary term from the moving sphere, and
the integrand is handled as in (3.106) with the divergence theorem on the ball:

e(t) = / (02ut dyu — E(u? + 02|Vu\2)> ds <o. (3.108)

OB R-ct(z0) 2
The integrand is nonpositive because c|u; dyu| < ?|w||Vu| < £(uf + ¢?|Vul?), which is the
inequality ab < (a? + b%)/2 with a = u; and b = ¢|Vu|. If u and u; vanish on Bg(zg) at t = 0,
then e(0) = 0, so e = 0, and u vanishes on the whole cone {|x — z9| < R — ct}. Taking R = cty

shows that u(zo,?o) is determined by the data on B, (xo). This is the domain of dependence of
Section 3.4.1 in any dimension.

3.4.4 Higher dimensions: spherical means

In one dimension the factorization 9? — ¢292 = (0; — ¢0,)(d; + cOs) gives the general solution
F(z 4 ct) + G(x — ct). In R™ with n > 2 no such splitting into two transport equations exists,
and the plan is to reduce to one space variable by averaging over spheres. Fix x € R" and
write (f)z,r = m faBT(I) fdS for the mean of f over the sphere of radius r about x, where

|0B,.| = na,r" ! as in Section 3.2. Define

U(T7 t) - <u('7t)>l‘,7"7 G<T) = <¢>:E,r7 H(T) = <'¢>z,r- (3109)

The center is suppressed in the notation. Since u is continuous, w(z,t) = lim,_,o U(r,t), so the
whole problem is to find U. The computation of (3.53) did not use the equation, only the divergence
theorem, so it also holds here:

1

noy,

r" U (r,t) = / Au(y,t)dy. (3.110)
Br(z)

Differentiate in 7. The derivative of an integral over B, is the integral over dB, of the integrand,

SO .
rT

1
/ AudS =r""YAu)gy = —5— Us. (3.111)
OB, (z) @

noy,

or(r"'U,) =
The last equality uses Au = ¢~ 2uy; and the fact that the time derivative commutes with the spatial
mean. Expanding the left side and dividing by "~ ! gives the Euler-Poisson-Darboux equation

Ui = (U + ”T_lU) U(r,0) = G(r), Ti(r,0) = H(r). (3.112)
This is the radial wave equation, and it is an equation in the two variables (r,¢) whatever the
dimension. The dimension enters only through the coefficient (n —1)/r of the first-order term. For
n = 1 the “sphere” 0B, (z) is the pair of points x +r, U = %(U(JC—FT, t)+u(x—r,t)), the lower-order
term is absent, and (3.112) is the one-dimensional wave equation, solved by d’Alembert’s formula.
The remaining work is to remove the term (n — 1)U, /r by a change of unknown.

3.4.5 Three dimensions: Kirchhoff’s formula

For n = 3 put U = rU. Then Uy, = rU,, +2U, = r(Upr + %Ur), and by (3.112) this equals r Uy /2.
Hence

Up =AU, >0,  U(r,0)=G(r)=rG(r), Ul(r,0)=H(r)=rH(r). (3.113)
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Because U is bounded as r — 0, also ff(O, t) = 0. This is the wave equation on the half-line with a
Dirichlet condition, solved in (3.104). For 0 < r < ct,

Oty = GlLEr) 5 Glet=r) , 2% / " Hs) ds. (3.114)

t—r

Divide by r and let 7 — 0. The first quotient tends to G (ct) and the average of H over the
shrinking interval tends to H(ct)/c, so

u(z,t) = lim uirt)

r—0 r

= G'(ct) + %ﬁ(ct). (3.115)

Now é(s) = ${¢)z.s, SO é’(ct) = %&5 [ct(D)z.ct] = Or(t{(P)gct), and fI(ct)/c = t(¢)zct. The sphere
of radius ¢t has area 4wct2. Therefore

u(x, t) =0 (t<¢>x,ct) + t<¢>:p,ct

0 1 1
- 6t<477t /|: ) dS(y)) T Iret /y_x:cﬁ“y) dS(y),

which is Kirchhoff’s formula. The derivation shows that a C? solution must be given by this
expression. That the expression is in turn a solution is checked by differentiating it, which is
routine once the formula is written in the following form. Substitute y = = + ¢tz with |z| = 1 in
the ¢ term and differentiate in ¢ under the integral:

u(@,t) = (d(y) + Vo(y) - (y — ) + 1Y), - (3.117)

The value at (x,t) is an average over the sphere of radius ct, of the data and of the first derivative
of ¢ along the radius. Unlike d’Alembert’s formula this requires derivatives of the data: for u € C?
one needs ¢ € C? and ¢ € C2. The loss of a derivative is the focusing of spherical waves, since the
average over a sphere that shrinks to a point near the origin is sensitive to the data’s gradient.

(3.116)

3.4.6 0Odd dimensions

The substitution U = rU worked because (rU)p = T(Urr + %UT). For n = 5 the operator that
does the same is U = %Eh (7"3U) = 3rU + r?U,. Its two second derivatives are computed from
U = A (Upy + %Ur). In space,

ﬁrr = T2Urrr + 7rUp + 8U,. (3118)

In time, Uy = 3rUy + 1720, Uy, and inserting (3.112) with its r-derivative 0, Uy = c? (Uprr + %Uw —
AU ) ;
—=U;) gives

Uy = A 3rUpy + 12Uy + 12Uy + 41Uy — 4U,) = E(r2Uppr + TrUpp + 8U;). (3.119)

The two expressions agree, so Uy = 02(7,% and the half-line argument applies again with G =
19,(r3G) and H = 19,(r*H). The only change in the limit is U/r — 3u(x,t), because U =
3rU + O(r?).

The pattern holds for every odd dimension n = 2k + 1. By induction on k, with the same kind
of computation as above, the function

U(r,t) = (lar)k_l(r%*lU(r, t) (3.120)

r
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satisfies Uy = cQﬁM, vanishes at » = 0, and obeys [7/7" = Ypu(z,t) with v, =1-3-5---(n —2).
Solve the half-line problem, divide by r, and convert %05 with s = ¢t into é@t. The speed ¢ then
enters only through the radius of the sphere, and

n—3 n—3

u(z, t) = 1{@(1@) (2B ot) + (%at) ’ (t"—2<¢>x,d)], n>3o0dd.  (3.121)

Tn

For n = 3 the powers of 10, are absent, 3 = 1, and (3.121) is (3.116).

3.4.7 Even dimensions: descent

For even n no substitution removes the first-order term in (3.112). The method of descent avoids
it: a solution in R" is regarded as a solution in R™*! that does not depend on the last variable.
For n = 2 set @(xy, 2, x3,t) = u(xy, T2,t) with data ¢, defined in the same way. Then % solves
the three-dimensional wave equation, and (3.116) at © = (z1,22,0) gives u(x,t). The sphere
{|ly — Z| = ct} consists of two hemispheres, the graphs y3 = +7y(y) over the disk B.(z) C R?, with

v(y) = \/2t? — |y — z|?. The area element of a graph is /1 + |V7|? dy, and

jy — P 2

1+ |V =1 = 3.122
t
so that dS = o ¢ | B dy on each hemisphere. Both hemispheres carry the same values of
Vet —ly —x
¢ and ¥, and
- t ct¥(y) 1 Y(y)

t % :7-2/ dy = — dy. 3.123

<¢>x70t 47TC2t2 Bct(z) /—CQtQ — ‘y — x‘Q y 27TC Bct(x) CQtQ — ’y — x’Q y ( )

The ¢ term is 0; of the same expression with 1 replaced by ¢. This is the two-dimensional formula

1 0 P(y)
)=—— d
u@t) =5 2o /|yx|<ct\/m / (3.124)

L b ¥(y) d
9 B 57—, 2 Y
e Jjy—z|<ct \/C°T ‘y l"

The same descent from n + 1 to n gives every even dimension from the odd formula (3.121) in
dimension n + 1. The integral is over the solid ball, not over a sphere, and the kernel (c?t? — |y —
x|?)~1/2 is positive in the interior.

3.4.8 Huygens’ principle and the wake

The formulas differ in what they say about the support of a pulse. Let ¢ and ¢ be supported in a
compact set K. In odd dimension n > 3, (3.121) involves ¢ and v only through their values (and
finitely many derivatives) on the sphere |y —z| = c¢t. Hence u(x,t) # 0 is possible only if the sphere
meets K, that is, for dist(z, K) < ¢t < maxyek |y —x|. A disturbance is felt when the front arrives
and is gone when the back of the pulse has passed. This is Huygens’ principle. A sharp sound
signal in air is the physical case, n = 3.

In even dimension the integral runs over the ball |y — z| < ¢t with a positive weight, so once
the front has reached x the ball keeps containing part of K for all later times and the kernel is not
zero there. The disturbance has a tail, a wake that decays like 1/t but never vanishes: ripples on
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a pond keep ringing after the stone has gone. The same happens for the velocity data 1 in n = 1.
1 [rxz+tct

In d’Alembert’s formula (3.103) the term 5 [ °"4) is constant once the interval contains supp 1,
but not zero. The displacement data ¢ in one dimension are transported without a tail, which is
why Huygens’ principle is stated for odd n > 3 and not for n = 1. The principle is a property of
the continuous equation in odd dimension n > 3; the sparse matrix of Chapter 5 that replaces —A
does not reproduce it exactly. Numerical dispersion leaves a tail behind the front. The cone itself
survives in an effective form: a stencil of fixed width moves information over a bounded number of
grid points per time step, and the exact semidiscrete evolution e~ with a sparse H has only an

exponentially small tail outside the cone.

3.4.9 A source term

For uy — 2Au = f(x,t) with u(x,0) = w(z,0) = 0 the solution is again a superposition of
homogeneous solutions, as in (3.28). For each s > 0 let v(+, -; s) solve the homogeneous equation for
t > s with v(z, s;s) = 0 and v(z, s;s) = f(x,s). The forcing at time s is thus a velocity impulse.
Set

u(z,t) = /Ot v(z,t; s)ds. (3.125)

Differentiating, uy = v(z,t;t) + f(f vpds = fg vy ds because v(z,t;t) = 0, and uy = vi(z,t;t) +
[svwds = f(x,t) + ?Au. The equation is satisfied, and the data vanish at t = 0. By time
translation v(x,t;s) = w(x,t — s;s) where w(-,-;s) solves the homogeneous problem with ¢ = 0
and ¢ = f(-,s). In three dimensions (3.116) gives w(z,7;s) = 7(f(-,5))z.cr, S0 With 7 =t — s and
the radius p = cr,

o 1 fly, t =y —al/c)
ule,t) = [ (=) ()t ds Lo dy.  (3126)

" dnc? ly — x|

This is the retarded potential. The source at y acts on x with the weight 1/(4wc?|ly — z|), the
Newtonian kernel ® of (3.47) divided by ¢?, with f evaluated at the earlier time t — |y — z|/c at
which a signal travelling at speed ¢ would have left y. For ¢ — oo the delay disappears and (3.126)
becomes ¢~ 2(® * f) of (3.51), the solution of the stationary equation —c2Au = f. The causality is
the same as in the Kubo response (3.92): only the past of (x,t) contributes.

A bounded domain adds reflections, by the same odd or even extension when the boundary is
flat, and by a boundary corrector of the kind in (3.63) when it is not. The formulas of this section
are the continuous form of the unitary group e~® applied to Cauchy data (¢, ).

3.5 Series solutions and special functions

On a bounded interval the kernels of the previous sections become series. Separate variables in
Ut = Ugy on (0, L) with u(0,t) = u(L,t) = 0: a product X (x)T'(t) satisfies T'/T = X" /X = —)\.
The spatial factor with the Dirichlet conditions is the Sturm-Liouville problem —X” = AX, whose
solutions are

Xo(z) = sin($), Ap = (%)2 n=1,2,.... (3.127)

The family is orthogonal on (0, L) with fOL XnXmde = (L/2)0nm. Expanding the initial datum
¢ =3 apX, with

ap = ?J/OL o(x) sin(?) dz (3.128)
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—Ant of the separated equation gives

Z an e sm(?). (3.129)

The series is (3.20) after the heat kernel on the interval has been expanded in the same basis. High
modes decay like e~ ("™/ L)Qt, which is the analytic form of the smoothing visible in Figure 3.1.

The orthogonality of the sine modes is a consequence of symmetry, not of the particular func-
tions. Take the inner product (f, g) = fOL fgdz and £ = —d?/dz? on functions with f(0) = f(L) =
0. Integrating by parts twice, the boundary terms f’g and fg¢’ vanish, and

and attaching the time factor e

L
(L], g) / fg'dz = (f.Lg),  (Lf.f) = /0 (f)2dz >0 (f#£0). (3.130)

This is Green’s second identity (3.60) in one dimension, and it is the infinite-dimensional version of
A = AT. The finite-dimensional proof carries over word for word. If £LX; = \;X; and £X i = XNXj,
then \i(X;, X;) = (£X;, X;) = (Xi, LX) = \j(X;, Xj), so (X;, Xj) = 0 whenever \; # \;, and
the eigenvalues are real and positive by the second relation in (3.130). Taking the inner product of
¢ =Y apnX, with X,, then isolates an, (X, X;n), which is (3.128): the coefficients are orthogonal
projections.

What is new in infinite dimension is completeness. A real symmetric matrix has an orthonormal
eigenbasis by the spectral theorem. For functions one must also know that no nonzero function
is orthogonal to all X,,, so that the series reproduces ¢. The right setting is the space L?(0, L)
of square-integrable functions, a Hilbert space: a vector space with an inner product, whose norm
Ilf1l = /(f, f) defines a distance, and which is complete, so that every Cauchy sequence converges
to an element of the space. Completeness is the property that R has and Q lacks, and the one that
continuous functions with the L? norm lack. In L?(0, L) the partial sums of the sine series converge
to ¢ in norm, and Parseval’s identity fOL ¢?dx = % S~ a2 holds. The spectral theorem applies to the
inverse of £: it is the integral operator with the symmetric kernel (3.75), which is compact, and its
eigenfunctions are those of £ with eigenvalues 1/)\,,. The symmetry (3.86) of the Green’s function
is therefore the reason that an eigenbasis exists. The same argument for —(pu')’ + qu = Awu with
a weight w > 0 gives orthogonality with respect to [ fgwdz and produces the Legendre, Bessel,
and Hermite families below.

For the quantum algorithms the point is the matrix version. The discretization A of Section 5.7
is real symmetric, so A = VAV " with orthogonal V, and every function of A is f(A) = Vf(A)V T
For f()\) = e~ the matrix f(A) is unitary, which is why A can be treated as a Hamiltonian, and
for f(A) =1/ it is the inverse whose condition number Ayax/Amin is read from the same spectrum.

The same coefficients solve the other two normal forms. For —u” = f with u(0) = w(L) = 0

and f =3 fnXn,
Z In g (@) (3.131)

Division by A, is integration against the Green s function (3.75), written in the eigenbasis: the
integral operator with kernel G is diagonal, with eigenvalues 1/),. For the wave equation w; =

c*uy, with the same boundary conditions, the time factor is an oscillation of frequency cv/Ay,
nmct . /nTT
%:(an cos —— +b sin 7 >sm( 7 ), (3.132)

where a,, are the sine coefficients of ¢ and b, = % times the sine coefficients of 1. The series is
d’Alembert’s formula summed in the Dirichlet basis. Every term oscillates at frequency nwc/L.
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Section 5.7 discretizes —u” on (0, 1) by the matrix (5.76). Its eigenvectors are the grid samples
of (3.127), and its eigenvalues are (4/h?)sin?(knh/2) with h = 1/(n+1). As h — 0 with k fixed,
sin(kmwh/2) ~ kmwh/2, so the discrete eigenvalues tend to (km)? = . The discrete sine transform
of Section 5.10 is the finite section of the expansion used in (3.131), (3.129), and (3.132). Applying
A1 et or cos(t\/Z) on that basis is the series, truncated to the grid.

The three kernels and the three series are one construction. On the whole space the construction
is a convolution. On an interval it is a multiplier /\%, e Mt or etievAnt in the sine basis. On a grid
the multiplier is the same function of the eigenvalues of a sparse matrix. The chapters that follow
compute that function of the matrix. The sine series is the constant-coefficient case on an interval.
The subsections that follow are the separated factors of a point source, the Coulomb potential, a
quadratic well, and a circular membrane: a power series y = 3~ arz” solves the ordinary equation
that remains once the ratios ag42/ay or ag1/ay are fixed, and an integer index terminates the chain
or sums it in closed form [32, 30]. The inner product that makes those solutions orthogonal, and
the least-squares use of that product, are in Section 5.4. Section 3.6 records the equations for which
superposition stops; Chapter 15 returns to them as a lift back to a linear evolution.

3.5.1 Legendre polynomials

A point mass and a point charge produce the same kernel. In three dimensions ®(z) = 1/(4w|z|),
so the potential (3.51) is a constant multiple of | f(y)/|x — y|dy. The gravitational potential of
a mass density and the electrostatic potential of a charge density are that integral, multiplied by
—G and by 1/(47me) respectively. For an observation point with » = |z| and a source point 2’ with
=l <r,

1 1 r’ x-a

= s t:—’ = .
=2/  ry/1—2ut + ¢ r A

The expansion of the square root in powers of ¢ defines a polynomial p,(u) of degree n as the
coefficient of t". The kernel is therefore the sum

1 = ()"
d = Z m]h(ﬂ» (3.134)

n=0

(3.133)

|lx — x

A finite collection of point sources is a sum of such kernels, and each term contributes p, of the
angle between the field point and that source. For a density supported inside the sphere of radius r,
the same series goes under the integral: the coefficient of »~"~! is the moment [(')"p, (1) f(z') da’.
Each term ="~ !p,,(cos ) is harmonic for > 0, so the angular factor satisfies Legendre’s equation

(1—2%)y" —2xy +n(n+1)y =0. (3.135)
Substitute y = > ;> arz®. The coefficient of z* is
(k+2)(k+Dagso = (k(k+1) —n(n+1))ap = (k —n)(k+n+ 1)a. (3.136)

If n is a nonnegative integer the factor k — n vanishes at £k = n, and the even chain or the odd
chain stops. The resulting polynomial of degree n is p,. Rodrigues’ formula packages it:

(1 @

raeperi (U N R B (3.137)

pn(T) =

with pg = 1, so p; = = and pa = (322 — 1)/2. Consecutive polynomials satisfy

2n+1 (2) n
X xXr) —
n+1 n+1

pr+1(z) = Pn—1(T). (3.138)
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3.5.2 Chebyshev polynomials

In the plane the angular factor is elementary. The real part Re(z + iy)™ = r™ cos(n#) is harmonic,
being the real part of an analytic function (Section 2.6), and cos(nf) is a polynomial in z = cos 6.
That polynomial is the Chebyshev polynomial

T, (x) = cos(narccos z). (3.139)

Chebyshev’s equation (1 — z2)y” — 2y’ + n?y = 0 imposes the same two-step relation on a power
series,
(k4 2)(k + Dajo = (K2 — n?)ay, (3.140)

and the chain terminates at degree m. The addition formula cos((n £ 1)8) = cos(n#)cosf F
sin(nf) sin # adds to the recurrence

Toii1(x) =22 Ty (x) — Th—1(x), n>1, (3.141)

starting from Tp = 1 and T} = x. Hence Ty = 222 — 1 and T3 = 42% — 3z.

3.5.3 Spherical harmonics and Laguerre polynomials

The hydrogen atom adds the Coulomb potential to the Laplacian. In the units Ai=m =e =1,
1 1
—iAw — — = E1. (3.142)
r

Spherical coordinates separate a solution as R(7)Y},, (0, ¢). The angular factor is a spherical har-
monic, and its polar part is built from the same Legendre polynomial: the magnetic index m =0
gives p;(cos ), while m # 0 differentiates that polynomial and multiplies by a power of sin 6,

. diml
Yim (6, 6) oc €™ (1 — u%'mﬂwff(u), i = cos. (3.143)

The bound energies are E = —1/(2n?) for integers n > 1 and orbital indices 0 <1 < n — 1. The
radial factor is an associated Laguerre polynomial,

Ru(r) oce o' L (o), p= = (3.144)

The polynomial L) solves xy" + (o +1—x)y + ny = 0, so the radial factor has upper index
a = 2]+ 1. The case a = 0 is Laguerre’s equation zy” + (1 — x)y’ + ny = 0. The origin is a regular
singular point. The Frobenius series y = 3}~ apx® has indicial root 0, and the coefficients satisfy

(k+1)%ap41 = (k —n)ay. (3.145)

For n a nonnegative integer the series stops at degree n. Rodrigues’ formula is

ex dn n_—x
so Lo =1and L1 =1 — z. The recurrence is

2n+1—=x n
L _
n+1 n(®) n+1

Lnii(z) = Ln_1(z). (3.147)
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3.5.4 Hermite polynomials

The harmonic oscillator is the quadratic potential. In the units h=m=w =1,
1 " 1 2
—51/1 + ix Vv = E. (3.148)

The ground-state factor e~*/2 removes the quadratic term: substituting ¢ = e/ 2y cancels 221

against the second derivative of the Gaussian and leaves Hermite’s equation
y" — 2y + Ay =0, A=2FE—1. (3.149)
The power series y = > 1~ ajpz® then has
(k+2)(k+ 1)ag2 = (2k — N)ag. (3.150)

The choice A = 2n for a nonnegative integer n stops the chain at degree n, and the energy is
E=n+ % Rodrigues’ formula for the resulting polynomial is

n
od

2
H, = (=1)" ), 151
() = (-1 T (e7™) (3.151)
so Hy =1, Hy = 2z, and Hy = 42> — 2. Consecutive polynomials satisfy
Hyii(x) =2z Hy(z) — 2n Hy— 1 (). (3.152)

3.5.5 Bessel functions

A circular membrane, or a wave of fixed frequency in the plane, separates in polar coordinates.
Solutions R(r)e™ of the Helmholtz equation Au + x%u = 0 satisfy

r2R" +rR + (’QQTZ _ n2)R =0. (3.153)

The change of scale # = xr puts this in the standard form z2y” + 29/ + (2 — 1)y = 0 with v = n.
The point 2 = 0 is a regular singular point: the indicial equation is 2 — 2 = 0. The solution that
stays bounded at the origin is the Bessel function of the first kind,

e —1)™m x\ 2m—+tv
Tul) = mzzo m!r((mJZqu 1) (5) (3:154)

For v = 0 one has T'(m+1) = m!, so Jo(z) = 3,,50(—1)™(2/2)?*™/(m!)2. On an interval the series
solution was a sine. On a disk it is J,(xr) times an angular factor, and there is no discrete sine
transform of that radial profile. Section 5.4 takes up the weighted integrals of p,, Ty, Ly, and Hy;
those integrals are the numerical-analysis use of the functions defined here.

3.6 Nonlinear equations

The expansions of the previous sections use linearity twice: a sum of solutions is a solution, and
the coefficients are inner products against a fixed family. Both fail when the unknown multiplies
itself. This section records the model cases in which an explicit description still exists [30]. The
lift that returns such an equation to a linear evolution in a larger space is Chapter 15.
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3.6.1 Shocks

The model first-order nonlinear equation is
ur + a(u) uy =0, u(z,0) = ¢(z). (3.155)
Along a curve satisfying dz/dt = a(u), the chain rule gives

d

au(:ﬂ(t), t) = ug + uy dz

ikl + a(u) ugy = 0. (3.156)

Thus u is constant on the curve, equal to its value ¢(x(0)) at ¢ = 0. The slope a(u) is therefore
constant as well, and the characteristic through £ is the straight line

r=E+ta(@8),  ula.t) =66 (3.157)

For Burgers’ equation (2.15) one has a(u) = w. The initial datum ¢(x) = x produces the lines
x=¢&(1+1t), hence £ =z/(1 +1t) and

T

t)=—— t>—1. 3.158

u(w,t) = . (3.158)

The characteristics spread, and the solution stays smooth. The datum ¢(xz) = 1 — x of Figure 2.3
does the opposite: the line through £ is z =&+ ¢(1 — &), so for t < 1

1—=x

u(z,t) = T

(3.159)

As t — 17 the denominator vanishes and every such line meets the point (1,1). Past that time the
classical solution cannot be continued as a single-valued function.

The continuation is a weak solution of the conservation law. Write a = A’, so that (3.155) is
ug + 0, A(u) = 0. For Burgers, A(u) = u?/2. For every test function 1 that vanishes for large |z|
and large t,

/OOO /R(Wt + A(u) %) dz dt +/R¢(x)w(x,0) dz = 0. (3.160)

The identity is integration by parts on u; + A(u), = 0: the volume terms cancel, and the initial
trace of ¥ produces the second integral. A function with a jump across a curve x = ((t) can satisfy
(3.160) without satisfying the differential equation on that curve.

The jump is fixed by the Rankine-Hugoniot relation. Let s = (/, and write u; and w, for the
limits from the left and from the right of . Integrate u; + 9, A(u) = 0 from ((t) — € to ((t) + ¢
and apply the Leibniz rule to the moving limits. The integral of the bounded function u over an
interval of length 2¢ tends to 0 with e, and the remaining terms give

5 — M7 (3.161)
Uy — Uy
provided u, # u;. For Burgers this is s = (u; + u,.)/2.

The differential equation and the jump condition together do not select a unique continuation.
The admissible shock is the one that characteristics run into. If a is increasing, that entropy
condition reads

a(uy) > s > a(uy). (3.162)
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The wave behind the discontinuity is faster than the wave ahead of it, so the front is overtaken. If
a is decreasing, the inequalities reverse. A jump that violates (3.162) is a weak solution of (3.160)
and is discarded on these grounds.

An example shows why the condition is needed. Take Burgers’ equation with ¢(xz) = 0 for x < 0
and ¢(z) = 1 for > 0. Characteristics from the left have speed 0 and those from the right have
speed 1, so no characteristic reaches the wedge 0 < x < t, and two functions fill it. The first is a
single jump, u = 0 for < t/2 and u = 1 for z > /2. By (3.161) the speed is s = (0 +1)/2 = 1,
so it is a weak solution. The second is the rarefaction wave

0, <0,
u(z,t) =<qz/t, 0<z<t, (3.163)
1, x>t
It is continuous, and on the wedge u; + uu, = —x/t2 + (x/t)(1/t) = 0, so it is a weak solution as

well. Each ray x/t = const is a characteristic leaving the origin. The jump violates (3.162), because
a(u;) = 0 is not greater than s = %: the characteristics leave the discontinuity on both sides instead
of running into it, and any small perturbation of the data unfolds it into the fan. The rarefaction
wave is the admissible solution. For the reversed data u; = 1, u, = 0 the speed is again s = %,
and 1 > % > 0 holds, so the jump is admissible: characteristics converge on it from both sides, and
no fan can replace it because characteristics would cross. For a convex flux the rule is therefore
simple. If u; < u, the characteristics diverge and the solution is continuous, u = (A’)~!(z/t) in the
fan. If u; > w, they converge and the solution is a shock. The same selection is made by adding a

small viscosity: the solutions of u; + uu; = vuy, converge, as v — 0, to the entropy solution.

3.6.2 The KdV soliton
Dispersion can balance the steepening that produced (3.159). The Korteweg—de Vries equation
up + 6u Uy + Upgy =0 (3.164)

has, for solutions that decay rapidly at infinity, the conserved integrals

/Rudx, /Ru2 dz, /R(;(ugc)2 — u3) dx. (3.165)

The first is the integral of (3.164): [ugze = 0 and [uuy = 3 [(u?); = 0. The second follows
on multiplying by 2u and integrating by parts, using [wugee = — [Uptze = 0 and [w?u, =
% J (u3)$ = 0. The third has the same structure. Integrating u,u,; by parts,

1
((1115/(2%25 — u3>d$ = /(—um — 3u?) uy dz, (3.166)

and (3.164) says u; = —(Ugzz + 3u?)z, because (3u?), = 6uu,. With m = ug, + 3u? the right side
is [mmgdz = 3[m?]”_ =0.

A traveling wave u(z,t) = f(x — ct) reduces (3.164) to —cf' + f” + 6 f' = 0. One integration
gives —cf + f"” + 3f% = a. Multiplication by f’ and a second integration give

—cf?+ () +2f% =2af + 0. (3.167)
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The localized wave corresponds to a = b = 0, so (f')? = f2(c — 2f). Set g> = ¢ — 2f with ¢ > 0
and f < ¢/2. Then f’' = —gg’ and 2¢' = g — c. The solution g = —/c tanh(\/c£/2), € = & — ct,
satisfies that first-order equation, and f = (¢ — ¢g?)/2 becomes

f©) = g sech? (‘f £>. (3.168)

The profile propagates at speed ¢ without changing shape. The height ¢/2 and the width 1/4/c are
tied to the same constant: a taller wave is narrower and faster. This is the balance between 6uu,
and ug,, that the inviscid Burgers equation does not have.

3.6.3 Fluid equations and acoustics

The same conservation structure, written for a density and a velocity, is the starting point of the
fluid equations. Conservation of mass on an arbitrary region D says that the rate of change of [, p
equals the inward flux — [, pv - vdS. The divergence theorem converts this into

pt+ V- (pv) =0. (3.169)
Conservation of momentum, with an external force set to zero and with a pressure p, likewise gives
(pv)e +V - (pv®@v)+Vp=0. (3.170)

Expanding the derivatives and cancelling p; + V - (pv) against (3.169) produces
1
v+ (v-V)v+ =Vp=0. (3.171)
P

If p = p(p) and the density is a positive constant, V - v = 0 and (3.171) is Euler’s equation.
Section 3.6.4 restores the viscous stress.

Sound is the linearization of (3.169) and (3.171) about a rest state. Set p = pg + €p1 and
v = evy, with pp > 0 constant, and let p = f(p). Then p = f(po) + f'(po)(p — po) up to order £2.
Substituting and keeping the order ¢ terms,

_ f'(po) _
Op1 + poV - v1 =0, Oy + TVpl =0. (3.172)
0

Differentiate the first equation in time and substitute dyvy from the second:
8,5,5[)1 - f,(p[)) Apl =0. (3.173)

If the initial velocity is irrotational, the velocity remains irrotational and satisfies the same wave
equation. The propagation speed is /f/(po), which is the constant ¢ of Section 3.4. The kernels
and series of that section are the linear acoustic approximation of (3.169)—(3.171).

3.6.4 The Navier—Stokes equations

Air past a wing and the flow of water are described by restoring viscosity to (3.171). For a constant
density the velocity and the pressure satisfy the incompressible Navier—Stokes equations

1
v+ (v-V)v= —;Vpﬂ—l/Av, V-v=0, (3.174)
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with kinematic viscosity v > 0. The new term is the one absent from Euler’s equation. If the
density varies, (3.169) is kept and the viscous contribution to (3.170) is the divergence of the stress
7= u(Vo + (VU)T) + MV - v)I, where u = pv is the shear viscosity and A is a second viscosity
coefficient. For constant p and for V - v = 0 that divergence equals puAv, which becomes vAw
after division by p. On a wall at rest the fluid does not slip, so v = 0 there. The viscous Burgers
equation of Section 2.2.4 is the scalar model of the same balance, with vu,, in the role of vAwv.

The form of the viscous stress follows from three assumptions. The force across a surface
element with unit normal v is 7v, where 7T is a stress tensor. The tensor depends linearly on the
velocity gradient Vv, which defines a Newtonian fluid. A rigid rotation v = w X = exerts no stress.
The gradient of a rigid rotation is antisymmetric, so only the symmetric part D = %(Vv + (Vo))
can enter. An isotropic linear map from symmetric matrices to symmetric matrices has the form
D — 2uD + A(trD)I, and tr D = V - v. This is the stress 7 above. The force on a fluid region is
Jop TvdS, which the divergence theorem turns into [, V - 7, with

(V-T),':Z@jﬁj ZLLAU¢+(M+)\) 8¢(V-’U). (3.175)
J

For V - v = 0 only pAv; remains, which is the viscous term of (3.174).
The pressure in (3.174) is the field that enforces the constraint V - v = 0 at every time. Take
the divergence of (3.174). The divergence of v; and of Av vanishes, and

Ap = —p Z 8ivj ajvi. (3176)

]

Thus every instant of the evolution contains a Poisson problem for p, of the kind represented by
(3.68), with a right-hand side determined by the velocity.

Viscosity dissipates kinetic energy. Multiply (3.174) by v and integrate over a bounded domain
on which v = 0, or over R? for a velocity that decays together with its derivatives. The time term is
24 [|v|%. The convective term is 1 [v-V(|v|?) = —3 [ |v[? V- v, which vanishes because Vv = 0,
and the boundary integral produced by the divergence theorem vanishes because v = 0 there. The
pressure term — [ v - Vp vanishes for the same two reasons. The viscous term integrates by parts
to —v [ |Vo]?, where |Vo|*> = 32, :(9;v;)*. Therefore

55 [P de=—v [1volaz <o (3.177)
The integral of |v|? is nonincreasing, and v = 0 returns the conservation of kinetic energy in Euler’s
equation. The space-time integral of |Vuv|? is controlled by the initial energy.

The size of the nonlinear term relative to viscosity is the Reynolds number. Let L be a length
and U a speed, and introduce x = La/, t = (L/U)t', v = Uv', and p = pU?p’. Substitution into
(3.174) and division by U?/L produce

1 L
— A", Re = U—, (3.178)

opv' + (v - V)W = -V'p + Re ”

together with V/ - v/ = 0. A large value of Re makes the viscous term small on the scale of
the domain, and the balance approaches Euler’s equation. A small value makes the linear Stokes
balance —vAwv + %Vp = 0, still constrained by V - v = 0, the leading description; the convective
term is then a perturbation. Chapter 15 treats the lift of a dissipative nonlinearity in the regime
where viscosity dominates that term [37, 17].
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The energy identity (3.177) bounds [ |v|? for all later times. In two space dimensions this bound
is enough to continue a smooth divergence-free solution for all positive times. In three dimensions
the same bound does not control (v - V)v, and it is open whether every smooth, finite-energy,
divergence-free initial velocity remains smooth, or whether the velocity of some solution becomes
singular in finite time. That question is one of the Millennium Prize problems.
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Chapter 4

The Cauchy theory

Section 2.6 showed that a complex derivative forces the Cauchy—Riemann equations, and that each
component of a holomorphic function is harmonic. The integral theory that upgrades that derivative
is Cauchy’s theorem. A single complex derivative, with no continuity assumed of the derivative,
already implies that integrals over triangles vanish, that a primitive exists on a disc, that the values
inside a circle are the boundary integral against 1/(¢ — z), and that the function is a power series.
Derivatives of every order exist, and a uniform limit of holomorphic functions is holomorphic. The
development below follows the route from Goursat’s theorem through the keyhole contour, the
Cauchy integral formulas, and the consequences collected by Stein and Shakarchi [46]. The last
two sections read those formulas as the plane potential theory of Chapter 3: the logarithm, the
Poisson kernel, and conformal maps.

4.1 Line integrals

Let 7: [a,b] — C be piecewise continuously differentiable and let f be continuous on the image of
~. The integral of f along ~ is

b
[y f(z)dz = / FO() 7/ () dt. (4.1)

An orientation-preserving reparametrization leaves the value unchanged, because the chain rule
inserts a derivative that the substitution rule cancels. Reversing the endpoints changes the sign. If
f has a primitive on an open set containing the image, I’ = f, the chain rule gives %F(’y(t)) =
F(y(@#)¥(t), so the integral equals F(v(b)) — F(v(a)). The integral of a derivative over a closed
path is therefore zero. The functions 1 and z — 2o have primitives z and (2 — 29)?/2.

4.2 Goursat’s theorem

The basic vanishing uses no continuity of the derivative. Let T be a closed triangle, including its
interior, contained in an open set where f’ exists at every point. Then

/ f(z)dz = 0. (4.2)
oT

Join the midpoints of the sides. The triangle splits into four congruent triangles of half the
diameter and half the perimeter. Orient each of them consistently with the outer boundary. The
integrals over the three internal edges cancel in pairs, so the integral over 9T is the sum of the four
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smaller integrals. At least one of the four, called T}, carries at least a quarter of the absolute value.
Repeat. Figure 4.1 shows the first bisection and the diagonal that splits a rectangle. If the original
perimeter is L and the original diameter is D, the nth triangle T, satisfies

=210

The solid triangles are nested, closed, and bounded, and their diameters tend to zero. A nested

sequence of that kind in the plane has exactly one point in the intersection: this is the nested-

interval form of completeness of R, applied to the real and imaginary parts. Call the point zg.
Complex differentiability at zp means

f(z) = f(20) + f'(20)(2 — 20) +9(2) (2 — 20), (4.4)

with ¢(z) — 0 as z — 2z9. The constant and the linear term integrate to zero over 07, because
each has a primitive. The integral of f over d7,, therefore equals the integral of ¥ (z)(z — 2p). On
T, one has |z — 2| <27"D. If €, = supy, |¢|, then

, diam(7,) =2""D, length(0T,,) =27 "L. (4.3)

\/M f‘ <ep,27"D-27"L, (4.5)

and the comparison of the four-way split gives | [, f| < enDL. Since e, — 0, the integral over the
original triangle is zero.

A rectangle is two triangles. Draw one diagonal and orient both triangles so that the diagonal is
traversed once in each direction. The diagonal cancels, and the sum of the two boundary integrals
is the integral over the boundary of the rectangle. Each triangle contributes zero, so

f(z)dz=0 (4.6)
OR

whenever f is holomorphic on an open set containing the rectangle R and its interior.

T

R
T

Figure 4.1: Left: the first bisection in the proof of (4.2). The three midlines cancel in pairs, and
Ty is a triangle whose integral is at least a quarter of the original. Right: a rectangle is the union
of two triangles. The diagonal is traversed once in each direction.

4.3 Primitives in a disc

A holomorphic function on an open disc has a primitive there. After a translation, take the disc
centered at the origin. For z = 2+ iy in the disc let 7, be the polygonal path that runs horizontally
from 0 to Z = x and then vertically from Z to z, as in Figure 4.2. Define

F(z) = / F(w) dw. (4.7)



The path is unambiguous, so F' is well defined before any path-independence has been proved. The
claim is F' = f.

It is enough to treat a horizontal increment and a vertical increment, and then to combine them.
Let A € R be small enough that the rectangle with corners z, z + h, x + h, and x lies in the disc.
The path .15 runs from 0 to =+ h and then up to z 4 h. Subtracting v, cancels the segment from
0 to x. What remains is the integral from x to x + h, up to z + h, minus the integral up from z to
z. The boundary of the rectangle with those corners has integral zero by (4.6). The two vertical
sides and the bottom account for exactly that difference, so the horizontal side from z to z + h is
what survives:

F(z+h) — F(2) = /{ Ly fwe. (4.8)

The same identity holds for a purely imaginary increment, with the rectangle standing on a vertical
side. A general small increment h = hy + ihs is the sum of the two, so F'(z + h) — F(z) equals the
integral of f along the horizontal segment from z to z 4+ h; followed by the vertical segment from
z+ hi to z+ h. Those two segments and the straight segment from z 4+ h back to z form a triangle,
the second panel of Figure 4.2. Its integral vanishes by (4.2), and therefore F'(z + h) — F'(z) equals
the integral of f along the straight segment n from z to z + h.

Continuity of f, which follows from differentiability, gives f(w) = f(z) + ¥ (w) with ¢¥(w) — 0
as w — z. Then

F(z+h) — F(z) = f(z)/dw+/1,b(w) dw = f(z)h+/1[}. (4.9)
n n n
The constant 1 has primitive w, so the first integral equals h. The second is at most sup, || A
Dividing by h and sending h — 0 yields F'(z) = f(z2).

z Z+h1
n

V=

Figure 4.2: Left: the path 7, that defines the primitive (4.7). Right: a general increment de-
composes into a horizontal segment and a vertical segment. With the dashed side they bound a
triangle, so the broken path equals the straight segment 7.

Every closed piecewise smooth path in the disc now integrates f to zero, because the integral
equals the change in F' between two visits to the same endpoint. In particular, if f is holomorphic
on an open set containing a circle and the disc it bounds, the integral of f over the circle vanishes:
the circle sits in a slightly larger disc on which the primitive exists.

The same construction applies to any closed curve for which the interior is plain and a neigh-
borhood of the curve and its interior can be travelled by horizontal and vertical segments. Call
such a curve a toy contour, and orient it so that the interior lies to the left. Circles, triangles, and
rectangles are toy contours. So is a keyhole: two nearly complete circles, one large and one small,
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joined by a narrow corridor. On a keyhole the integral of a holomorphic function is independent
of the choice of horizontal-and-vertical path used to define a primitive in the interior, because the
difference of two such paths is a chain of rectangles to which (4.6) applies. The primitive then forces
the integral over the keyhole itself to vanish. The same vanishing holds for a semicircle closed by
a diameter, for a sector, and for a rectangle with a small semicircular indentation.

4.4 'Two real integrals

Cauchy’s theorem evaluates real integrals by moving the path. The first example is the Fourier
transform of a Gaussian. The integral [ e~™" dz = 1 is the normalization used for the heat
kernel in Section 3.1. For £ > 0 the same Gaussian, shifted into the complex plane, gives

—mg? > —mx?  —2mixf
e = / e "™e dz. (4.10)
—00
The function f(z) = e~ is entire. Integrate it over the rectangle with vertices —R, R, R + i,
and —R + £, oriented counterclockwise, as in the left panel of Figure 4.3. The integral is zero. On
the bottom side it is ffR e~ dx, which tends to 1. On the right side z = R + iy with 0 <y <€,
and
(R+1iy)? = R?> — y? + 2iRy, |e_7r(R+iy)2‘ = e R Ty < e~ TRA AT (4.11)

The length of the side is £, so the integral is O(e_”RZ) and tends to zero. The left side does the
same. On the top side z = x + £ runs from R down to —R, and

(z +i8)? = 22 — €2 + iz, (4.12)

so the integral equals —em€” i fR e~ g=2mixt g Sending R — oo leaves 0 = 1 — ™’ times the
integral in (4.10). For £ < 0 the rectangle lies in the lower half-plane.
The second example indents the contour around a singularity on the path of integration:

oo —
/0 %dx: g (4.13)
Consider f(z) = (1 —e%*)/2% on the contour in the right panel of Figure 4.3: the real axis from —R
to —e, the semicircle of radius € clockwise, the real axis from € to R, and the semicircle of radius R
counterclockwise. The function is holomorphic inside this contour, because the origin has been left
outside, so the integral vanishes. On the large semicircle |e*?| = e %50 < 1 hence |1 — | < 2.
The length is 7R and the integrand is O(1/R?), so the integral is O(1/R) and tends to zero. Near
the origin, e”* = 1+ iz + O(2?), and therefore

() = —2 +E(2) (4.14)

with E bounded as z — 0. On the small semicircle z = ee?? with 6 running from 7 down to 0, one
has dz = ice’? d6, and

[ /0(—z') PR p— (4.15)

s

The integral of the bounded remainder is O(e) and tends to zero. The vanishing of the whole

contour therefore yields
© 1 ¢l
/ dz = . (4.16)

oo X2

The imaginary part (—sinz)/z? is odd and integrates to zero. The real part is even, and half of it
is (4.13).
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~R+i¢ R+i¢ VR
Ve
Re /A

R R R —e e R

Figure 4.3: Contours for the two real integrals. Left: the rectangle that shifts e~ by €. The
vertical sides vanish as R — 0o, and the top side carries the Fourier factor e~2™#¢, Right: the
indented semicircle for (1 — e%¥)/z%. The small semicircle is clockwise, so the origin stays outside
the contour.

4.5 Cauchy’s integral formulas

Suppose f is holomorphic on an open set containing a closed disc, and let C' be the boundary circle
with positive orientation. For every z inside the disc,

F(z) = = / 1) e, (4.17)

T 2 cC—=z

Fix z inside the disc and form a keyhole I's., drawn in Figure 4.4, that follows C except for
a corridor of width § leading to a circle of radius € about z. The corridor is oriented so that the
interior of the keyhole, which excludes z, lies to the left. The quotient F({) = f(¢)/(( — 2) is
holomorphic on a neighborhood of that keyhole and its interior, so its integral over the keyhole
vanishes. Let 6 — 0. The two sides of the corridor are the same segment in opposite directions, and
continuity of F' makes their integrals cancel. What remains is the integral of F' over C, oriented
positively, plus the integral over the small circle C;, oriented clockwise. Write

[Q-16) , S
¢—z (-2
Holomorphy at z bounds the first quotient. Its integral over C. is at most a constant times the

length 2me, and tends to zero with €. On C. one has ¢ = z + ce" as t runs from 0 to 27, the
minus sign recording the clockwise orientation, and d¢ = —ice~* dt. Thus

F(Q) =

(4.18)

) 4o = (i) dt = —2mi (2
/CEC—de_f(z)/o (—i) dt = —2mi f(2). (4.19)

The keyhole identity in the limit ¢ — 0 is therefore the integral of F' over C, minus 27i f(z), equal
to zero. This is (4.17).

The same argument with a rectangular keyhole gives the formula when C' is replaced by the
boundary of a rectangle. If z lies outside the contour, F' itself is holomorphic inside and the integral
is zero.

Differentiating under the integral produces every higher derivative. If f is holomorphic on an
open set €2, then f has complex derivatives of every order on €. If C' C € is a circle whose interior
also lies in §2, then for every z inside C and every n > 0,

FO(2) = ntoffO dc. (4.20)

T o Jo (C — z)n+1
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Figure 4.4: The keyhole I's. in the proof of (4.17). The outer circle is counterclockwise and the
inner circle, centered at the interior point z, is clockwise. The two sides of the corridor cancel as
its width tends to zero, and z remains outside the contour.

The case n = 0 is (4.17). Assume the formula for order n — 1. The difference quotient of f(*~1) is

FO VG 4+h) - fO D) (n—1)! 1 1 o

The algebraic identity A" —B™ = (A—DB) Z?:_ol A1 BRI with A =1/(C—z—h)and B = 1/({—2),
converts the difference of powers into

1, . o 1 n_l i
P Al ey T D IS 2

For small h both z and z+ h stay at a positive distance from C. Sending h — 0 replaces each factor
by 1/(¢ — z), and the sum contains n equal terms. The difference quotient tends to the right-hand
side of (4.20).

If in addition |f| < M on a circle of radius R about zp, the length 27 R and the denominator
R"*1 give the Cauchy inequalities "
£ o) <

The integral formula is also a power series. Chapter 1 of Stein and Shakarchi records that a
power series is holomorphic inside its disc of convergence. The converse is the present formula. Let
D be a disc centered at zy whose closure lies in the domain of f, and let C' be its boundary. For
z€Dand (e C,

(4.23)

11 1 o (220"
C—Z_C—Zo1—(2—2’0)/(C—Zo)_Z(C—ZO)"“’

n=0

(4.24)

and the geometric series converges uniformly on C' because |z — zg|/|( — 20| is strictly less than 1.
Substitute into (4.17) and integrate term by term:

-5 o _ 1 f(Q) _ " (=)
f(z) 772%@ 20)", an /C G d¢ = . (4.25)

©2mi — zp)"t1 n!
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The series converges on every disc about zy whose closure lies in the domain. An entire function,
holomorphic on all of C, therefore has a power series about 0 with infinite radius of convergence.
Termwise differentiation of (4.25) is a second proof that f’ exists and is itself given by a power
series.

4.6 Liouville’s theorem and the identity theorem

If f is entire and |f| < M, the Cauchy inequality for n = 1 gives |f'(20)| < M/R for every R.
Letting R — oo forces f/ = 0. On the connected set C a function with vanishing derivative is
constant. This is Liouville’s theorem.

It implies the fundamental theorem of algebra. Let P(z) = a,z" + -+ + ag with a, # 0 and
n > 1. If P had no root, then 1/P would be entire. For large |z|,

P(z) Gp—1 ao
M

(4.26)

so |P(2)| > (Janl|/2) |#|™ outside some disc. Thus 1/P is bounded at infinity. On the closed disc
it is continuous, hence bounded. Liouville’s theorem makes 1/P constant, which a nonconstant
polynomial is not. So P has a root w;. Expanding in powers of z — w; and using P(w;) = 0
factors P(z) = (z —w1)Q(z) with deg @ = n — 1. Induction produces n roots and the factorization
P(z) =an(z —w1) - (2 — wpy).

Holomorphic functions are rigid. Suppose f is holomorphic on a connected open set 2 and
the zeros of f accumulate at a point zp € Q. The power series of f at zy has every coefficient
zero. If the first nonzero coefficient were a,,, one could write f(z) = am(z — 20)"™(1 4+ g(z — 20p))
with ¢(0) = 0, and 1 + g would stay away from zero on a small punctured disc, contradicting an
accumulation of zeros. Thus f vanishes on a disc about zg. The set of points at which f vanishes on
a whole neighborhood is open, and it is closed in €2: a limit of such points is a zero, and the series
argument spreads the vanishing to a neighborhood. A nonempty set that is both open and closed
in a connected € is all of €2. Therefore f vanishes identically. The same statement for f — g says
that two holomorphic functions on a connected open set that agree on a nonempty open subset,
or on a sequence of distinct points with a limit point in the set, agree everywhere. An analytic
continuation, a holomorphic function on a larger connected open set that agrees with f on the
original domain, is unique.

4.7 Further consequences

Morera’s theorem is the converse of the triangle vanishing, and it uses the regularity just proved.
Let f be continuous on an open disc, and suppose the integral of f over every triangle in the disc
vanishes. The polygonal construction of (4.7) identified F(z + h) — F(z) with the integral along
the straight segment by vanishing integrals over rectangles and one triangle. A rectangle is two
triangles, so the hypothesis gives the same vanishing. The same estimate as before gives F’' = f.
The derivative F’ of the holomorphic function F is holomorphic by (4.20). Hence f is holomorphic.

The five descriptions met so far are therefore equivalent on an open set. Existence of f/,
vanishing of all triangle integrals, the Cauchy integral formula on every compactly contained disc,
existence of a power series at every point, and the Cauchy—Riemann equations for continuously
differentiable components: each implies the others. The Cauchy—Riemann direction was proved in
Section 2.6 as a necessary condition, and the sufficient direction is the real chain rule. If v and v
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are C! and satisfy (2.45), then with h = hy + iha,
[0+ 1) = F(20) = (s — iuy)h -+ o(| ], (4.27)

so f'(20) = uy + iv,. The content of the circle is that a mere complex derivative is already a power
series.

Uniform limits preserve holomorphy. Let f,, be holomorphic on an open set {2 and converge to f
uniformly on every compact subset. Then f is holomorphic on 2. Indeed, on any disc whose closure
lies in 2, and on any triangle in that disc, Goursat’s theorem gives [ f, = 0. Uniform convergence
passes the limit inside the integral, so | f = 0. Morera’s theorem says that f is holomorphic on
the disc. The derivatives converge as well. Let €25 be the set of points of €2 whose disc of radius
J still lies in Q. If F' is holomorphic on 2 and z € €y, the formula (4.20) on the circle of radius ¢
about z yields

sup |F'(2)| < = sup |F. (4.28)
2€Q5 )
Apply this to F' = f, — f. Uniform convergence of f, on a neighborhood of the closure of Qs
implies uniform convergence of f! on Q5. The same bound with (¢ — z)7*~! gives the result for
every order of derivative. A real uniform limit of continuously differentiable functions need not be
differentiable: Weierstrass’s theorem approximates every continuous function on a compact interval
by polynomials. The complex statement has no such gap.

An integral depending on a parameter is holomorphic under a joint continuity assumption. Let
F(z,s) be defined for z in an open set 2 and s € [0, 1], holomorphic in z for each s, and continuous
on 2 x [0,1]. Then

1
£(z) = /0 F(z,s)ds (4.29)

is holomorphic on 2. The Riemann sums f,,(2) = n~!>"}_, F(2,k/n) are holomorphic. On a disc
D whose closure lies in 2, the function F' is uniformly continuous, so |F(z,s1) — F(z, s2)| is small
whenever |s; — s2| is small, independently of z € D. For large n the sum f, is therefore uniformly
close to f on D. The uniform-limit theorem makes f holomorphic on D, hence on ().

The Schwarz reflection principle extends a holomorphic function across a real interval on which
it is real. Let © be open and symmetric with respect to the real axis, as in Figure 4.5, let QT and
Q™ be its intersections with the upper and lower half-planes, and let I be the interior of Q N R
relative to the line. Suppose f is holomorphic on 27, extends continuously to I, and is real-valued
on I. Define F = f on QT U I, and

F(z) = f(2) for z € Q. (4.30)

On the lower half-plane this is holomorphic: the power series f(w) = Y ay,(w — wp)™ about a point
of QT becomes, after conjugation of the coefficients and of the variable, a power series for F' about
wo. On I one has f(x) = f(z), so F is continuous across I. It remains to check holomorphy at
points of I. Let D be a disc centered on I and contained in 2. For a triangle T" C D that misses
1, the integral of F' vanishes because F' is holomorphic on each open half-disc. If T" meets I, split
T into triangles each of which has at most one edge on /. Raise that edge by a small height e,
as in the right panel of Figure 4.5. The raised triangle lies entirely in one half-disc, so its integral
vanishes. Continuity of F' lets ¢ — 0 and preserves the vanishing. Morera’s theorem says that F' is
holomorphic on D, hence on ).

The same reflection is the complex form of the method of images. If f = w + v is real on
the real axis, then u(z, —y) = u(x,y) and v(z, —y) = —v(z,y). The odd extension of a harmonic
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Figure 4.5: Left: a domain symmetric across the real axis. The value at z is the conjugate of the
value at z when the boundary function on I is real. Right: a triangle with one side on I, and the
raised triangle 7 used in the Morera argument.

function that vanishes on the boundary line is the imaginary part of this construction, and it is the
reflection that produced the half-space Green’s function (3.77).

Runge’s theorem is the complex form of Weierstrass approximation, with poles allowed where
the complement requires them. A holomorphic function on a neighborhood of a compact set K
can be approximated uniformly on K by rational functions whose poles lie in the complement of
K. If that complement is connected, the poles can be pushed to infinity and the rational functions
replaced by polynomials.

The obstruction is visible on the unit circle. There f‘ 2)=1 2z~1dz = 2mi, while the integral of
every polynomial vanishes by Cauchy’s theorem in the disc. A uniform limit preserves the integral,
so 1/z is not a uniform limit of polynomials on the circle. The complement of the circle in the
extended plane is disconnected: it has the disc and the exterior as separate pieces.

The approximation by rationals comes from a square-grid form of the integral formula. Let f
be holomorphic on an open set containing K. Choose the mesh smaller than the distance from K
to the complement, up to a fixed factor less than 1/v/2, and let Q1, ..., Qs be the closed squares
of the grid that meet K, as in Figure 4.6. For z interior to one of those squares and off every
boundary, the integral formula on that square returns f(z), and the integral of f({)/({ — z) over
every other square returns zero. Summing over the squares, each internal edge is traversed twice
in opposite directions and cancels. The surviving edges 71, ...,y lie in the complement of K, and

Z 1(©) dc. (4.31)

27m G —2

Continuity extends the identity to all of K.

77777 K-

Tn

Figure 4.6: The squares that meet K. Internal edges cancel in pairs, and the surviving boundary,
drawn heavily, is the chain =, in (4.31). Each of those edges lies off K, so the integrand 1/(¢ — 2)
is holomorphic for z € K.

Parametrize one segment v by 7(¢t) for ¢t € [0,1]. The integrand f(v(t))v'(t)/(v(t) — z) is
continuous in (z,t) € K x [0,1]. Its Riemann sums are rational functions of z with poles on v, and
uniform continuity makes the sums converge uniformly on K. This is the rational approximation.
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If the complement of K is connected, each pole can be moved to infinity. A rational function
with a single pole at zg ¢ K is a polynomial in 1/(z — 2zp). Choose a point z; outside a large disc
that contains K. For |z| < |z1],

=— Z pro (4.32)

uniformly on K, so 1/(z—z1) and all of its powers are uniform limits of polynomials on K. Connect
zg to z1 by a curve 7 in the complement, and set p equal to half the distance from K to ~. Pick

z—z21

points wg = zp, ..., wy = 21 along vy with |w;j41 —w;| < p. For z € K one has |z — w;| > 2p, hence
00 k
wj+1 — wy)
: 4.33
Fr D D g (4.33)

and the ratio of successive terms is strictly less than 1/2. Thus 1/(z — wjy1) is a uniform limit
of polynomials in 1/(z — wj). Starting from z; and walking back to zy shows that 1/(z — z9) is a
uniform limit of polynomials on K.

4.8 Harmonic conjugates and the Poisson kernel

The integral formula at the center of the circle is a mean. Parametrize ¢ = a + re' in (4.17):
1 2w

Dy fla+re)do. (4.34)

fla) =
The real part is the spherical mean of u. Section 3.2 derived the same identity for a harmonic
function in every dimension from the divergence theorem. In the plane it is the real part of (4.17).
The same bound applied to |f]| is the maximum modulus principle. From (4.34),

1 2w .
F@I <50 [ 1@t re?)an < max |7 (4.35)

If | f| attains an interior maximum at a, equality holds in the average, so | f| equals | f(a)| throughout
the disc. Then u? + v? is constant, and its derivatives vanish: wu, + vv, = 0 and uty + vvy = 0.
Insert v; = —u, and v, = u;. The system becomes

(“ ”) (“x> = 0. (4.36)
v u Uy

The determinant is | f|?. Where |f| > 0 the only solution is u; = u, = 0, hence f’ = 0. Where the
maximum is 0, one has f = 0. Thus f is constant on the disk. If f is holomorphic on a bounded
domain and continuous up to the boundary, |f(z)| is at most the maximum of | f| on the boundary: a
larger interior value would be an interior maximum, and the disc argument would force f constant,
in which case |f| equals its boundary values. The maximum principle for a harmonic function
is the same averaging applied directly to u, as already proved from the mean-value property in
Section 3.2.

The two-dimensional Newtonian potential is the real part of a logarithm. On the plane cut
along the nonpositive real axis, the principal branch Log z = log |z| + i Arg z, with Arg € (-7, 7),

has derivative 1/z. Differentiating 8 = z gives the derivative. Therefore
d 1
log |z| = Re Log z, — Logz=—. (4.37)
dz z
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For n = 2 one has nay = 27, so the fundamental solution of Section 3.2 is ®(z) = —(1/(27)) log |z| =
—(1/(27)) ReLogz. The flux computation that produced —A® = § is the winding of 1/z. On
‘Z | =5
d
/ o, (4.38)
|lz|=e %
while the real flux of V& through that circle equals 1. The change in Arg around the origin is 2,
and dividing by 27 normalizes the flux.
A harmonic function on a disc is the real part of a holomorphic function. Let Au = 0 on a
convex open set, with u twice continuously differentiable, and fix a base point (xg,yo). Define

z Yy
v(z,y) = / —uy(s,90) ds —|—/ ug(z,t) dt. (4.39)
o Yo
The fundamental theorem gives v, = u,. Differentiating under the integral and using u;, = —uyy
gives
y
Uy = —uy(z,90) + [ Upe(z,t) dt = —uy(z,y). (4.40)

Yo
Thus v satisfies (2.45), and both partials are continuous. The Cauchy-Riemann criterion of Sec-
tion 4.7 says that u + iv is holomorphic. Adding a constant to v produces every other conjugate.
The Poisson kernel of the disc is the real form of (4.17). Let f be holomorphic in a neighborhood
of the closed disc || < 7, and let 0 < |z| < r. The point z* = 72/Z lies outside the disc, so the
integral of f(¢)/(C — 2*) over the circle vanishes. Subtract it from (4.17). With ¢ = re’® one has

d¢ = i¢ dé, and
1 1 i —|z)?
C(c—z‘c—z*> e A

The difference of the summands is (z—2*)/((¢—2)(¢—2*)), and z—2z* = (|z|? —7?)/Z, so the left side
of (4.41) equals ¢(|z]?—72)/((¢ —2)(Z2¢—=7r?)). On |¢| = r one has 2 = ((, hence z2(—r? = ((2—().
One factor of ¢ cancels. The remaining denominator is (¢ — 2)(Z — ¢) = —|¢ — z|?, which turns the
numerator |z|? — 72 into r? — |2|?. At z = 0 the weight equals 1 and agrees with the circle mean.
Therefore

T ) ,142_ 22
Flz) = 2 /02 firety T2 g4 (4.42)

C2n |reid — 2|2
The weight is real. Taking real parts gives the Poisson integral of the boundary values of u = Re f.
In the notation of (3.85) with n = 2, one has nas = 27 and the surface measure is rd¢, so the
weight times d¢ is K dS. The kernel obtained here by cancelling the exterior pole against the
Cauchy kernel is the kernel obtained in Section 3.3.3 by cancelling the Newtonian potential at the
inverse point.

A bounded harmonic function on the whole plane is constant. Translate (4.42) so that the
disc of radius 7 is centered at the origin, and write the weight as N/D with N = r? — |z|? and
D = |¢ — z|%. At the origin, N =72, D =12, 9, N = 0, and 9,D = —2rcos ¢. The quotient rule
gives 0, (N/D) = 2cos ¢/r at the origin. If |u] < M on the disc,

1 /27 2|cos 2M
|0, u(0)| < %/0 M’r¢‘d¢ < 0 (4.43)

and the same bound holds for dyu. For a function bounded on R? every r is allowed. Letting
r — oo forces both partial derivatives to vanish.
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4.9 Conformal maps

A map ¢ between plane domains is conformal when it is holomorphic and ¢’ # 0. The Jacobian
(2.47) says what this condition means geometrically. At a point where ¢/ = |¢'|e!®, the differential
multiplies every tangent vector by |¢’| and rotates it by a. Two curves meeting at a point have
tangents wy and we. Their images have tangents ¢/w; and ¢'wy. Adding a to both arguments leaves
the difference of the arguments unchanged, so the oriented angle between the curves is preserved.

The local inverse is holomorphic. The Jacobian determinant equals |¢'|>. Where ¢’ # 0 the
real inverse-function theorem supplies a continuously differentiable local inverse. Differentiating
¢ Hd(2) = 2z gives (671 (6(2)) ¢'(2) = 1, so the complex derivative of the inverse exists and
equals 1/¢/(z). The chain rule also gives (¢ o) = ¢'(1)1)'. A composition of conformal maps is
conformal where the intermediate derivative is nonzero.

Harmonic functions are preserved. Let ¢ = £ + in be holomorphic, let u(&,n) be twice continu-
ously differentiable, and set U = u o ¢. The chain rule expands to

Usa + Uyy = uge(€5 + f;) + U (75 + 773)

(4.44)
+ 2ugy(Eane + Eyny) + ue AE + uy An.

Cauchy-Riemann gives &, = 1, and &, = —15, so 53—1—53 = 779234—772 = |¢'|? and &;m,+&yny = 0. Each
component of a holomorphic function is harmonic, so A = An = 0. The identity that remains is

Auo ¢) =|¢'|? Au. (4.45)

Wherever ¢’ # 0, U is harmonic if and only if u is harmonic. Solving Laplace’s equation on a plane
domain is the same problem as solving it on the image, with boundary values carried along ¢.
The Mobius transformation that sends the upper half-plane to the unit disc is

z—1 , 27
pr— _ — 4.46
o=t v - (4.46)
The derivative is nonzero for z # —i. If z is real then |z —i| = |z 41|, so ¢ sends the real axis to the

unit circle. If Im z > 0 then z is closer to ¢ than to —i, so |¢(z)| < 1, and ¢(i) = 0. The inverse is
¢~ H(w) = i(14+w)/(1—w). Suppose U is harmonic on the disc, with boundary value g on the circle.
Then u = U o ¢ is harmonic on the upper half-plane by (4.45), and the boundary value of u at a
real point t is g(¢(t)). The function U is the Poisson integral (4.42) of g. Composing with ¢ solves
the half-plane problem whose boundary values are go ¢. Composing a half-plane solution with ¢!
solves the Dirichlet problem on the disc. The two kernels of Section 3.3.3 are one representation
transported by (4.46).

A power map opens a corner. On the sector 0 < argz < «, with 0 < a < 27, choose the
argument continuously with values in (0, «) and set

d(z) = |2 exp(i(m/) arg 2). (4.47)

The map is holomorphic on the sector and has nonzero derivative. Arguments are multiplied by
7/a, so the image is the upper half-plane, as in Figure 4.7. The function 7~ !arg ¢(z) equals
a~larg z. It is harmonic on the sector, equals 0 on the positive real axis, and equals 1 on the ray
of argument a. A prescribed boundary function on the real line, solved by (3.81) and composed
with ¢, solves the Dirichlet problem on the sector.

Riemann’s mapping theorem is the existence statement that makes this a general method. If
Q is a simply connected plane domain, 2 # C, and zy € (2, there is a conformal bijection of 2
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disc
(- 1) (4.46)
—_—

half-plane E—

Figure 4.7: Two conformal changes of domain for Laplace’s equation. The power (4.47) multiplies
arguments by m/a and opens the sector onto the upper half-plane. The M&bius map (4.46) then
sends that half-plane to the disc, with ¢ going to 0. Boundary values travel with the map, and
(4.45) keeps the solution harmonic.

onto the unit disc sending 2y to 0, unique once the argument of its derivative at zq is fixed. The
proof is a compactness argument for a family of holomorphic functions and is not given here. The
Dirichlet problem uses (4.45) together with (4.42): boundary values on 02 are read on the circle,
the disc is solved by the Poisson integral, and the conformal map brings the solution back. The
maps (4.46) and (4.47) are the cases in which the bijection is elementary. In dimension d > 2 a
conformal map of a domain is the restriction of a Mdbius transformation, by the spatial form of
Liouville’s theorem, and there is no analogue of Riemann’s theorem. The Poisson kernel of a ball
in higher dimension remains the one constructed by the inverse point in Section 3.3.3.

The scalar integral (4.17) evaluates a holomorphic function at a point. Chapter 11 writes the
same integral for an operator, with 1/(z — a) replaced by the resolvent (2I — A)~!. The operator
in that formula is the matrix built in Chapter 5.
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Chapter 5

Discretization and the linear-algebra
reduction

Chapter 2 stated the continuous problem: an unknown function, a type, and data that make the
problem well-posed. Chapter 3 writes the solution, on a simple domain, as a convolution against
a kernel. A quantum algorithm never sees that function. It sees a matrix A € CV*V (or a short
family of such matrices) together with a vector that encodes forcing or initial data. The present
chapter is the map from the kernel to that matrix [29, 33, 34].

Two reductions dominate everything that follows.

o An elliptic boundary-value problem discretizes to a linear system Au = f.

o A time-dependent problem, after discretization in space only, becomes a semidiscrete ODE
u'(t) = Au(t) + £(t).

Boundary conditions are not an afterthought: they decide which nodes are unknowns, which entries
of A are modified, and whether A is invertible. The classification of Section 2.5 is inherited by the
matrices below: the stencil is the same second-order operator, written on a grid.

Section 5.1 records the mean-value theorems, Taylor expansion in one and two variables, and
the norms in which errors are measured. Section 5.2 is the iteration those theorems justify. In-
terpolation, approximation, and quadrature then build the polynomials used on the grid, and the
time step applies the same calculus to u’ = Au.

5.1 Preliminaries

The constructions of this chapter rest on a short list of calculus facts and on the norms in which
their errors are measured [32].

5.1.1 Mean-value theorems

Let f be continuous on a finite interval [a,b], and write m = infj, f and M = supy,y f. The
intermediate-value theorem says that every value ¢ € [m, M| is attained: f(z¢) = ¢ for some
xo € [a,b]. In particular, f(a)f(b) < 0 forces a root in (a,b). That is the existence statement of
the bisection method in Section 5.2.

If f is also differentiable on (a, b), the mean-value theorem supplies a point £ € (a,b) with

fb) = fla) = f'(§) (b—a). (5.1)
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Applied to a differentiable function that vanishes at two points, (5.1) is Rolle’s theorem: the
derivative has a zero in between. Repeated application is the step from n 4 2 roots of (5.40) to the
interpolation remainder (5.41).

If w > 0 is integrable on [a,b] and f is continuous there, the integral mean-value theorem
supplies a point & € [a, b] with

b b
| w@ @ de= () [ wi)de. (5.2)

The trapezoidal remainder in Section 5.5 is this identity for the weight —(x — a)(x —a — h).

5.1.2 Taylor’s formula

If w is infinitely differentiable at a point a, the Taylor series about a is

> uk)(aq
uz) =Y k,( ) (z —a)k. (5.3)
k=0 ’

The series equals u(x) only where it converges to u. A difference scheme uses the finite identity: if
w is O™t between a and z, Taylor’s theorem of order n gives some ¢ strictly between a and z with

") u
mo @t

u(x) = (x —a)" L. (5.4)
k=0

For the exponential, a = 0 gives
n k 65 $n—&—l

ele;)gli!er. (5.5)

Section 5.4 returns to the degree-3 case and the size of the remainder on [—1,1]. The interpolation
error of Section 5.3, the trapezoidal and Simpson remainders of Section 5.5, and the truncation
term of every stencil in Section 5.6 are (5.4), specialized to a polynomial, an integral, or a grid
increment.

5.1.3 Taylor’s formula in two variables

Let f € C""1(D) on a domain D C R? containing the segment from (g, o) to (z,y). Set £ = x—x¢
and 71 =y — yo. Then, for some 0 € [0, 1],

n

f(x,y) = f(20,0) Z mi 0, 4+ 10y)"™ f(z0,0)
m=1 (5.6)

1 n
(€05 +10y)" " F (w0 + 06, yo + On).

(n+1)!
The case n = 0 is the mean-value theorem along that segment. The five-point Laplacian of Sec-
tion 5.7.1 is the order-2 truncation of (5.6) at the four axial neighbours.

_l’_

5.1.4 Norms

A norm satisfies ||u|| > 0, with equality only for u = 0; ||au| = |a ||u||; and |Ju + w]|| < ||lu]| + ||w]|.
On R™ and on continuous or square-integrable functions the examples used below are

_ ' _ 9 1/2 _ _ 9 1/
e = max|al,  Jlall = (Zi )7 Il =maxifl e = ( /Q |2 d)
(5.7)
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The weighted norm of Section 5.4 is the L? norm for the measure w(z) dz. A matrix norm induced
by || |2 is [|All2 = maxg),—1 [|Az[[2. For a symmetric matrix this equals the spectral radius, so
the norm of the Dirichlet matrix (5.76) is its largest eigenvalue and the condition number (5.78) is
Al [[A7H]2.

5.1.5 Sources of error

If z is an exact value and x4 an approximation, the absolute and relative errors are

v—xy A (5.8)

T

The discrepancy x—x 4 may come from the modeling that replaced a physical system by a PDE, from
a mistake in arithmetic or in a program, from uncertain data, from the floating-point representation
fl(z) (rounding or chopping, overflow or underflow), or from a mathematical truncation. The
truncation is the object of the rest of this chapter: it is the local residual (5.123). Section 5.13.5
separates that contribution from the tolerance of the later solver and from the sampling error of
the observable that the solver returns.

5.2 Rootfinding

A root of f(x) = 0, a nonlinear system, and an unconstrained minimum are computed by a sequence
X0, T1, T2, ... [32]. The sequence converges to o with order p > 1 when |a — zp41| < ¢|a — x,|P for
some ¢ > 0 and all large n. For p = 1 one requires ¢ < 1, and c is the linear rate. Each correction
below is built from (5.1) or (5.4). On a grid the same correction is a linear system, which is why
Chapter 15 meets these iterations again as QLSP instances.

5.2.1 Bisection

Suppose f is continuous on [a, b] and f(a)f(b) < 0. The intermediate-value theorem places at least
one root in (a,b). Set ¢ = (a+b)/2. If f(b)f(c) < 0, a root lies in [c,b] and a is replaced by c¢;
otherwise b is replaced by c. The interval bisected at step n has length 2!="(b — a). The midpoint
¢, of that interval lies at most half a length from «, so

oo — ¢ <27(b — a). (5.9)

Each step multiplies the error bound by 1/2, which is linear convergence of rate 1/2. The interval
retained at that step still contains a root.

5.2.2 Newton’s method

Assume f € C? on an interval about a root a, with f/(a) # 0. The expansion (5.4) of order 1
about the current guess z,, is

(x — )2

), (5.10)

f(w) = f(mn) + (x - wn)f/(xn) +

where ¢ lies between x and z,,. Substitute the root z = a. Then f(a) = 0, and
(a0 — mp)?

) (5.11)

0= f(zn) + (o = zn) f'(z0) +
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Move f(zy,) to the left and divide by f'(zy,):

a=x, — f(xn) _ (a — xn)Q f”(g) (5.12)

f(@n) 2! f(@n)

Newton’s method keeps the first correction and drops the quadratic term,

LTp+1 = Ln — ;I((.ZT;)) : (513)
Subtract (5.13) from (5.12). Since 2! = 2,
_ 2 (6
a—rpy = —(a—xp) > Flan)’ (5.14)

If f/ # 0 throughout a neighborhood of o and x is close enough that every later x,, remains there,
the quotient f”(¢)/(2f'(x,)) stays bounded by some constant ¢. Then | — xp,41] < ¢|a — 2,]?, s0
the convergence has order 2. A convergent step roughly doubles the number of correct digits. The
correction uses the value of f'(z,). A distant zo can send the iterates away from «, and (5.13) is
undefined at a point where f’ vanishes. The next subsection builds the same correction from values
of f alone.

5.2.3 The secant method
Replace f'(x,) in (5.13) by the slope of the chord through the two most recent values:

Tp — Tn—1

Tpy1 = T — f(zn) o) = Fan 1) (5.15)

The slope is the first divided difference flz,—1,2n] = (f(zn) — f(zn-1))/(®n — Tp-1), so (5.15)
reads Tpi1 = Tpn — f(@n)/flTn—1, Tn].
The error formula is the Taylor expansion (5.10) with that chord in place of the tangent. Form
the difference quotient that runs from z,, to the root,
flo) — flan)

flzn, o] = B — (5.16)

Clearing the denominator produces the exact linear rearrangement

f(a) = f(xn) + f[fEn, a] (a - xn) (517)

The mean-value theorem (5.1) supplies a point between z, and « at which flz,,a] = f/(§), so
(5.17) is the linear part of (5.10) at that intermediate point. The slope f[zy, ] still depends on the
unknown value f(a). The difference between this slope and the known slope f[x,,—1,z,], divided
by the gap of the free endpoints, is the second divided difference

fltn—1,%n, 0] = fln, 0] = flan-1,2a], (5.18)

@ — Tp—1

Solving for f[x,,a] gives

flzn, o] = flen—1,zn] + (@ — 2p—1) flTn—1, Tn, a]. (5.19)
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Insert (5.19) into (5.17). The correction multiplies (ov — xy,) by (o — x,—1), and

fl@) = f(xn) + flon—1,Tn) (@ — zn) + flTn-1,Tn,a] (@ — zp) (0 — Tp—1). (5.20)

The new coefficient is the quadratic term of Taylor’s formula. Let p(t) = f(xn)+ flxn—1,Zn] (t—2x4)
and set

¢(t) = f(t) - p(t) - f[xn—la Tn, a] (t - xn)(t - xn—l)' (5'21)
Then p matches f at x,, and at z,_1, and (5.20) forces ¢(a)) = 0, so ¢ has three roots. Two appli-
cations of Rolle’s theorem produce a point £ with ¢”(§) = 0. The second derivative of p vanishes,
and the second derivative of (t —x,)(t — 2,,—1) equals 2, hence ¢ (&) = f"(§) =2 flxn—1,2n,a] = 0.
Therefore
f"(€)

flen—1,2n, 0] = =557, (5.22)

and substitution into (5.20) recovers the expansion

(a0 —zp) (v — xp—1)

. 7(©) (5.23)

f(a) = f(xn) + f[xn—lvxn] (a - xn) +

The constant term is f(zy,), the linear coefficient is the chord slope f[z,_1,x,], and the remainder
carries the product (o« —zy,) (o —2p,—1) in front of f”(£)/2!. Thisis (5.11) read on the chord through
Tp—1 and x,.

Since a is a root, the left side of (5.20) is 0. The secant equation (5.15) is the same identity with
the last term omitted and with « replaced by x,41, so f(xn) = f[zn—1,%n] (Tn — Tnt+1). Substitute
that expression for f(x,) into (5.20):

0= flrn—1,%n) (@ — Tny1) + flTn—1,Zn, o] (@ — ) (a0 — Tp_1). (5.24)
Divide by the first divided difference:

flen—1,2n,q]

flom 1o an] (5.25)

a—Tpt1 = —(a—zp) (@ — xp_1)
If f, f/, and f” are continuous near a, if f’(«) # 0, and if zg and 1 are close to a, the product of
the two previous errors produces convergence of order (14 +/5)/2. Each step evaluates f once; the
value f(z,—1) is already known.

5.2.4 Fixed-point iteration

Any root problem may be rewritten as x = g(x). The iteration is 2,11 = g(z), and a solution of
x = g(z) is a fixed point of g. Suppose g is continuous on [a, b], maps the interval into itself, and
satisfies |g(z) — g(y)| < Az —y| with 0 < A < 1. A fixed point exists because the inclusion forces
g(a) > a and g(b) < b, hence (g(a) —a)(g(b) —b) <0, and the intermediate-value theorem supplies
a zero of g(z) — xz. Uniqueness follows from the contraction, since two fixed points would be at
distance zero. The error itself contracts,

| = 1] = lg(a) = g(zn)| < Mo — a4, (5.26)

and therefore |a—z,| < A\*|a—x¢|. The same Lipschitz bound on successive steps gives |11 —xk| <
M|z — x|, Telescoping o — xg = 372 (2141 — ) and summing the geometric series produces
|ov — o] < |21 — x0|/(1 — A), hence

n

A
1-A

oo — x| < |z1 — zo]. (5.27)
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The iterates converge for every zo € [a,b]. If in addition g € C'([a,b]) and A = max, |¢/[, the
mean-value theorem supplies a — 2,11 = ¢'(&,) (0 — x,) with &, between « and z,,. Dividing by
a — xp, and sending n — oo yields (o — zp41) /(a0 — ) = ¢ ().

5.2.5 Aitken extrapolation

For a linearly convergent fixed-point iteration with 0 < |¢'(«)] < 1, the ratios A\, = (x, —
Tn-1)/(Tn-1 — Tn—2) tend to ¢'(a). Impose the two-term model o — x, = Ao — x,—1) and
a— Tp—1 = Ma — z,—2) with the same \. Subtraction gives

Tpn — Tp—1

Tp-1 — Tp = A (Tp—2 — Tp_1), A= ————————, (5.28)
Tp—1 — Tp—2
Rewrite o — z,—1 = (o — &) + (¥, — —1) inside the first model equation:
A
a—xn =MNa—x,) + Moy — zp_1), o=z, + T (Tn — Tp—1)- (5.29)
Insert A = \,,. Then
A (xn - xnfl)Q
Tp — Tp—1) = — , 5.30
1—-A ( " " ) (mn - l’n*l) - (:Enfl - mnf2) ( )
and Aitken’s formula is the resulting approximation of «,
~ (xn - xnfl)Z
Tp = Ty — . 5.31
" " (xn - xnfl) - (xnfl - xnf2) ( )
The iteration to which the formula is applied is linearly convergent when
lim ST o<l < 1. (5.32)

n—oo o — Iy,

For a fixed-point iteration the limit equals ¢'(«). Write p, = (o — 2y,) /(¢ — 2p—1), so that p, — p.
The steps that enter (5.31) are then

1 —pn-1
Ty — Tp—1 = (@ — 2p—1)(1 — pn), Tp—1 — Tp—2 = (@ —zp_1) % (5.33)
n—1
Substitute (5.33) into (5.31). The common factor a—z,_1 cancels in the fraction, and the numerator
that remains is the discrepancy of two successive ratios:

Pn—1 — Pn
2pn-1 — pnpn—1—1
If every ratio equals the same constant i, the numerator vanishes and #,, = a. In the limit p, — u
the numerator tends to 0 while the denominator tends to 2u — u? — 1 = —(1 — )2 # 0, and since

(=) /(@ —Tp_1) = p#0,

a— &y, = (0 —xp_1) (5.34)

. o — -f;n
lim
n—oo (v — Ty,

=0. (5.35)

The extrapolated error is therefore asymptotically smaller than the error of the sequence from
which it was built.

The denominator of (5.31) is a difference of successive steps. Once the ratios have settled near
u, that difference is about (1 — u)/p times the latest step, so it tends to zero with the step. In
floating-point arithmetic the two steps agree in their leading digits and the subtraction cancels
them. Dividing by the contaminated denominator amplifies the rounding error, and the computed
correction can then exceed the true distance from z,, to . The extrapolation should be skipped
when the denominator is no longer large compared with the size of the steps.
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5.2.6 Systems

For f: R™ — R™ the fixed-point form is z = g(z). In two variables the mean-value theorem on
each component assembles a 2 x 2 matrix G, of partial derivatives of g, evaluated between o and
Ty, With & — 41 = Gp(a — ). Let D C R™ be closed, bounded, and convex, let g(D) C D, and
let G = Dg. If A = maxgzep ||G(z)||co < 1, where || - [ is the maximum absolute row sum, then
x = g(x) has a unique solution in D and the iteration converges from every xy € D. The scalar
restriction |¢'| < 1 is the case m = 1.

For two unknowns the same expansion as (5.10), applied to each component and stopped after
the linear term, reads

0~ fl(xmyn) + (al - xn) 8xfl(xn7yn) + (OQ - yn) ayfl(l‘nvyn)y

5.36
0~ f2(.’L‘myn) + (al - xn) axf?(xnyyn) + (OQ - yn) ayf?(ﬁnvyn)‘ ( )

In matrix form this is 0 = f(zy) + F(zn)(a — ), with F' = Df the Jacobian. Solving for the
unknown increment § = o — x,, gives the practical step

F(xp) 0pnt1 = —f(xn), Tpil = Tp + Opa1- (5.37)

Locally || — Zp11]|oo < Blla — ]| when zq is close to «. Freezing F(z,,) for several steps reuses
one factorization. A damped step x, + sdp4+1 with s € (0,1] chosen so that || f(zn + $0n+1)|l2
decreases enlarges the set of xg from which the iteration converges. For a nonlinear PDE the
unknown z,, is a grid vector and F'(x,,) is a sparse matrix of the kind built later in this chapter, so

(5.37) is a QLSP instance.

5.2.7 Unconstrained optimization

A local minimizer a of a smooth function f(x1,..., ) satisfies V f(a) = 0. Newton’s method on
that system is

Tpy1 = Ty — H(z,) 'V (2), (5.38)

where H;; = 0%f/ O0x;0x; is the Hessian. A descent method chooses a direction d,, along which
f decreases and then minimizes ¢(s) = f(z, + sdy,) for s > 0. The steepest-descent choice is
dp, = =V f(z,). A quasi-Newton update builds an approximation of H from successive gradients.
A constraint such as z > 0 can be moved into the objective by a barrier, for instance F'(x)+ 0| log x|,
after which the problem is unconstrained and (5.38) applies.

5.3 Interpolation

Given n+1 distinct nodes xy, . .., z,, and values ¥, . . ., Yn, & polynomial p(z) = Yo aja?j matches
the data when the coeflicients solve the Vandermonde system Z?:o aja:z = y; [32]. There is exactly
one such polynomial of degree at most n. If r; and ro both interpolate, then r; — ro has degree at
most n and n 4 1 roots, so the difference vanishes. The Lagrange formula exhibits the polynomial:

pnl() = yili(), ti(x)=1]] - (5.39)
i=0 j=0Ti L
JF

The factor ¢; equals 1 at z; and equals 0 at the other nodes, so p,(z;) = y;.
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The pointwise error is (5.4) written as a product over the nodes. Let w(t) = (t —xg) - (t — ),
and fix an evaluation point z distinct from the nodes, with f € C™*! on an interval containing the
nodes and x. The auxiliary function

f(@) —pn(2)
t) = F(t) — pp(t) — 2T (¢ 4
6(6) = Ft) = palt) = = () (5.40)
vanishes at xg,...,x, and at x, hence has n + 2 roots. Rolle’s theorem, applied n + 1 times, yields

a point & with ¢("+1)(¢) = 0. Differentiation of order n + 1 annihilates p,, and sends w to (n + 1)!,
=)

w(T) )
— = —— : 5.41
F@) = pula) = 2 1(6) (5.41)
On a uniform partition of width h the same formula with n = 1 is applied on each panel
separately. The resulting piecewise linear interpolant is 3 _; y;p;, where the hat function

(x —xj-1)/h, @ € [zj-1, 7],
(10](3:) = (xj-i-l - [E)/h, MRS [xjaxj-‘rlL (542)
0, otherwise,

equals 1 at z; and equals 0 at every other node. On one panel |(z —z;)(x —zj41)] < h%/4, so (5.41)
gives |f — p| < (h?/8)max |f”|. The interior hats vanish at the endpoints of the interval. They
are the piecewise-linear basis of the space H{ used in Section 5.11. A single polynomial of rising
degree on equally spaced nodes can diverge: the interpolant of 1/(1 4 22) on [—5,5] grows near the
endpoints as the degree increases. The Chebyshev nodes of Section 5.4 cluster at those endpoints.

5.4 Polynomial approximation

Section 3.5 produced p,,, T},, L,, and H,, as series solutions. The numerical use of those functions
is approximation in a weighted inner product [32]. Taylor’s formula (5.4) is one polynomial approx-
imation, and its error need not be spread evenly: the degree-3 expansion of ¥ about 0 leaves the
remainder eSz?/24, which on [—1, 1] is largest at the endpoints. Weierstrass’ theorem says a better
polynomial always exists. If f is continuous on a finite interval [a, b] and ¢ > 0, some polynomial p
satisfies |f(x) — p(x)| < e throughout [a, b].

The monomials are a poor basis in which to compute that polynomial. Least squares for
>i=0 cjz’ against a weight w produces the Gram matrix

b p
Ajj :/ w(z) 2 dz. (5.43)

On [0, 1] with w = 1 this is a Hilbert matrix. Its columns are nearly dependent, and the coefficients
move sharply under a small change in f. The orthogonal polynomials of Section 3.5 are the basis
that removes the dependence.

Let w > 0 on (a,b) and set

b
(f.9)= [ w@ f@g@de. 17l = /1.0, (5.44)

Cauchy—Schwarz says |(f,g)] < |/ fll2]lgll2. Gram—Schmidt applied to the monomials produces
deg ¢, = n and (¢n, ¢m) = 0 for n # m, and one may normalize ||¢p,|l2 = 1. The constant term
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and the inductive step are

b —1/2 n—1
¢O = (/ w) ’ ¢n = [L‘n =+ Z C'V%j(bj) cn,j — _(xn7¢])’ (545)
a =
with ¢, = ¥n/[[¥nll2. On [—1,1] with w = 1 this reproduces the normalized Legendre polynomials

1 3 1 /5
w=Ts  e=\e  m=pfied-1, (5.46)

and (pn, pn) = 2/(2n+1). The Chebyshev weight is 1/+v/1 — 22. The substitution x = cos 6 converts
the inner product into

- 0, n #m,
(T, Trn) = / cos(nf) cos(mf)dd = < , n=m=0, (5.47)
° /2, n=m>1.

The Laguerre weight is e=* on [0,00), and ||L,|ls = 1. The oscillator weight is e=*" on R, and
122 e %" Hy (@) Hy () Az = /T 20! S

The product xz¢, has degree n + 1, and (z¢y, ¢;) = (¢, x¢;) = 0 for every j < n — 2. Hence
T¢n lies in span{¢n—1, n, Pni1},

TPn = an@nt1 + bnPn + CnPn—1. (5.48)

The recurrences (3.138), (3.141), (3.147), and (3.152) are this identity for the four normalizations.
A polynomial f of degree m is the finite sum

f= Z J; ,¢<;Ln) Dn, (5.49)

so (f, ¢m) = 0 whenever deg f < m — 1. Each ¢,, has n distinct roots in (a,b): fewer sign changes
would produce a polynomial g of degree less than n with (g, ¢,) # 0, contradicting the previous
sentence. Those roots are the nodes of the Gaussian rule in Section 5.5. For the Chebyshev weight
the nodes are x; = cos((2j — 1)7/(2n)).

For an orthonormal family and r = 377 a;¢;,

17— rl3 = 1718 = S0 6902+ S0((o) — ) (5.50)
7=0 7=0
The minimum is unique at a; = (f, ¢;),
ro = (F,00) b5 IF=7al3 = 11£15 = Irall3- (5.51)

=0
If the family is only orthogonal, the coefficient is (f, ¢;)/(¢;, ¢;), the same quotient as (3.128).

Bessel’s inequality and, on a finite interval, Parseval’s identity are

o0

n
2 2 2
Z Lo <15, IFIE =D (f: )™ (5.52)
=0 =0
The second equality uses Weierstrass’ theorem to place a polynomial arbitrarily close to f, together
with (5.49). The Laguerre and Hermite weights are supported on unbounded intervals, so the
completeness identity above is the finite-interval statement; the coefficient formula and Bessel’s
inequality still hold for L,, and H,.
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5.5 Quadrature

Integrating an interpolant replaces a definite integral by a finite sum [32]. On a panel [a, a + h] the
linear interpolant integrates to the trapezoidal rule. The error is the integral of the n = 1 case of
(5.41). The weight (z—a)(z—a—h) does not change sign on the panel, and f;”h (x—a)(x—a—h)dzr =

—h3/6. The integral mean-value theorem (5.2), applied to the nonnegative weight —(z—a)(z—a—h),
pulls one value of f” out of the integral and leaves

a+h h h3 y
[ r@de =@ + flat ) - 55" 0) (5.53)
for some 7 between a and a + h. On the uniform nodes x; = a + jh with h = (b —a)/n, adding the
panels produces the composite rule

(b— a)h?

). (5.:54)

b 1 nd 1
/ f(z) dx:h<2f($0)+2f($j)+2f(¢n)> -
a ]:1

Simpson’s rule integrates the quadratic interpolant at the ends and the midpoint of a panel.
Write the panel as [¢ — h, ¢+ h] and expand f(c+ h) by (5.4) through order 5. Odd powers cancel,
and

4
f(c—h)+4f(c)+ f(c+ h) =6f(c) + h2f"(c) + %f(4)(c) + O(h®). (5.55)

Multiplication by /3 produces 2hf(c) + (h3/3)f"(c) + (h°/36)f W (c) + O(h7). The integral of
the same expansion is 2hf(c) + (h*/3)f"(c) + (h®/60)f¥(c) + O(hT). The coefficients of f and
of f" agree, and 1/60 — 1/36 = —1/90, so the rules differ by —(h°/90)f* at leading order. The
remainder form of (5.4) replaces that leading term by a fourth derivative at an intermediate point:

c 5
[ p@rae =2t =+ 450 + sl m) - B 1O ) (5.50

The rule is exact for cubics. Summing panels of half-width h across [a, b] multiplies the local factor
h°/90 by the number (b — a)/(2h) of panels, and the composite error is —(b — a)h*/180 times a
fourth derivative.

The nodes that raise the degree of precision from n —1 to 2n — 1 are the roots of the orthogonal
polynomial ¢, from Section 5.4. Divide f = q + ¢,r with degqg < n — 1. Whenever deg f < 2n —1
one has degr < n — 1, so (r,¢,) = 0 by (5.49). An interpolatory rule at those roots integrates ¢
exactly and assigns integral zero to we¢,r. Therefore

b n
/ w(z) f(z)de = w;f(x;) (5.57)
a j=1

for every polynomial f of degree at most 2n — 1, when z; are the roots of ¢,. For the Legendre
weight w = 1 on [~1,1] the weights are wj = 2/((1—23)(p},(;))?). For the Chebyshev weight they
are the constant 7/n, at the nodes z; = cos((2j—1)7/(2n)). The stiffness matrix, mass matrix, and
load vector of Section 5.11 are integrals of products of the hats (5.42), and the Duhamel formula
of Section 5.12 is an integral in time. A fully discrete scheme replaces each of those integrals by a
sum of this form.
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5.6 Grid functions and stencils

A finite-difference scheme never differentiates a formula. It replaces each partial derivative at a
grid point by a fixed linear combination of neighbouring values—a stencil—and writes one algebraic
equation per unknown. The weights are the solution of a Vandermonde system, as in Section 5.3,
chosen so that (5.4) reproduces the target derivative. The classical references are LeVeque and the
notes [33, 29]; the quantum cost model later reads off only the resulting sparsity s, the scaling
a ~ ||Al|, and the spectrum.

5.6.1 Expansion on the grid

Fix a uniform mesh of spacing h > 0, with nodes x; = jh. A grid function U; approximates u(x;).
The weights below are chosen by truncating (5.4) at the nodes x; + ¢h [33, 29].
On the grid one takes a = z; and an increment § € hZ, so x = x; +J. Then (5.4) is

u(wj+8) =3 u®(a;) g o(s™ ). (5.58)
k=0

The cases 6 = +h are
(k) (z5) k n+1
o (£h)" +O(h"™T). (5.59)

M:

u(z; £ h) =

0

?TTT

(The minus sign on odd k is just (+h)*.) From here on, derivatives without an argument are
evaluated at z;. Adding or subtracting the two choices of sign in (5.59) isolates even or odd

powers:
[n/2] w(2m)
u(zj + h) + u( =2 Z

[ 1)/2J L 2mH1)

u(z; +h) — u(w; —h) =2 mZ:O Gm+1)!

h2m _’_O(hn+1)7

(5.60)
th-‘rl +O(hn+1)
Every centered stencil below is a linear combination of these two identities. One-sided stencils use

(5.58) at several increments of one sign. Either way, the design problem is the same: choose weights
so that unwanted powers of h cancel and the coefficient of the target derivative is 1.

5.6.2 Stencils as coefficient matching

A one-dimensional stencil with offsets S C 7Z is an operator

(Opu)(zj) =D cou(w; + Ch). (5.61)
leS

Substitute (5.58) with § = £k and collect powers of h. The coefficient of u®) (z;) is (h*/k!) 3, col*.
To have dpu = u(™ + O(hP) one therefore solves

m!/h™,  k=m,

C e
%e {0’ k7ém70§k§m+p—1.

(5.62)

This is the Vandermonde system of Section 5.3, with the stencil offsets in the role of the nodes.
Distinct offsets make the coefficient vector unique once |S| and any symmetry imposed on the ¢y
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have fixed how many moments are matched. The first unmatched moment k£ = m + p produces the
leading truncation error.

The standard first differences [33, 29] are the two-point solutions of (5.62) for m = 1:
Ujt1 —Uj Ui —U;_1 Ujt1 — U1

h ’ h ’ 2h '
Forward and backward differences use S = {0,1} and {—1,0}; they match £k = 0,1 only, so p =1
and Diu = u' + (h/2)u” + O(h?). The centered operator uses the odd identity in (5.60) with
S = {—1, 1}, which kills every even k automatically; the first surviving error is k = 3, hence

h2
Dou = u' + Fu’” +O(hY) =o' + O(h?). (5.64)

(D4U); = (D_U); = (DoU); = (5.63)

Symmetry, not the number of points, is what raises the order.

5.6.3 The three-point second-derivative stencil

For m = 2 the even identity in (5.60), truncated after k = 2 and k = 4, rearranges to

i —h) — 2u(x; i+ h h?
(D+D_u)j _ u(wj ) U}(ij) + U(l'j + ) _ u/l + Eu(4) + O(h4) (565)
Equivalently, S = {—1,0,1} with cx1 = h™2, ¢y = —2h~2 solves (5.62) for m = 2 up to p = 2. In
stencil notation

D.D_ = th [1 ) 1}. (5.66)

Poisson uses the positive operator —u”, i.e. h=2[~1 2 — 1]. The O(h?) local truncation error is a
statement about one grid equation, not yet about the global error of Au = f.

5.6.4 One-sided closures

Near a boundary a centered molecule in S exits the domain. The same system (5.62) on a one-sided
set, e.g. S = {0,—1,—2} for m = 1 and p = 2, yields

1
T 2h
Order p on one side needs p+ 1 nodes and typically destroys the symmetry that made A Hermitian.
Equation (5.67) is the Neumann closure that does not introduce a ghost node.

o' (z) (3u(x) — du(z — h) +u(z — 2h)) + O(h?). (5.67)

5.6.5 Raising the order

If a consistent operator admits an even error expansion Lyu = Lu + a h*u(29+™) 4 O(h29+2), the
same operator on a mesh of width 2h has leading coefficient 229a. The combination
224, — Loy,
224 — 1
cancels that term (Richardson extrapolation). For the second difference (5.65) one has ¢ = 1 and

a=u®/12, so (4DyD_ — (DyD_)ay,)/3 is fourth-order. Written on the grid it is the five-point
stencil

= L+ O(h%1+?) (5.68)

—Uj_2 + 16Uj_1 — SOUj + 16uj+1
12h2

The matrix becomes pentadiagonal (s = 5 rather than s = 3); ||A| is still ©(h~2). The algebraic

type does not change. The same extrapolation in two dimensions, applied to axial versus diagonal

molecules, is how the nine-point compact scheme of Section 5.7.2 is obtained.

() = “ W2 L oY), (5.69)
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5.6.6 From a stencil to a matrix row

Once a stencil is chosen, the global matrix is defined by placing that molecule at every unknown

node. Index the unknowns by p = 1,..., N after boundary conditions have been imposed. A stencil
with weights a, 4 at neighbours ¢ € N'(p) produces the p-th equation
> apgUqg = fp (5.70)
9€N(p)

The left-hand side is exactly row p of A. Interior nodes that see only other unknowns contribute
a purely local row. A neighbour that lies on a Dirichlet boundary is not an unknown: its value
is moved to the right-hand side, which modifies f and shortens A (p). A Neumann or periodic
neighbour remains an unknown and stays in A, possibly wrapping around the grid. This is the
only mechanism by which boundary data enter the linear algebra; Sections 5.7-5.9 write it for each
standard condition.

Two quantities are then fixed for every later quantum algorithm. The sparsity s = max, [N (p)|
is the stencil width (three-point: s = 3; five-point Laplacian: s = 5; nine-point: s = 9). The
dimension N is the number of retained unknowns, stored in [logy N'| qubits. Both are properties
of the stencil and the mesh, not of HHL or QSVT.

5.7 Dirichlet Poisson: how the matrix is assembled

The model elliptic problem on the unit interval is
—u"(z) = f(2), 0<z<l1, u(0) = a, u(l) = B. (5.71)

Take n interior nodes with h = 1/(n+ 1) and z; = jh for j =0,...,n+ 1. The boundary values
Up = a and U, 1 = (8 are data, not unknowns. The unknown vector is therefore the interior grid

function
u=(Uy,...,U,)" e R™. (5.72)

At each interior node the centered scheme (5.65) reads
—Uj_l + 2Uj — Uj+1
h2
For 2 < j < n — 1 every neighbour is an unknown, and (5.73) is simply a row of a tridiagonal
matrix. At j = 1 the neighbour Uy is known, so it must be moved to the right-hand side:

2U1 —UQ «

= f(zy), j=1,...,n (5.73)

At j = n the same happens with 3:
—Up-1+ 2Un /8
e b2y 4 (5.75)
Collecting the interior equations gives Au = f with
2 -1 fa1) +a/n?
) -1 2 -1 f(x2)
A= 3 S , f= : . (5.76)
-1 2 -1 f(wn-1)
-1 2 flan) + B/



The matrix A does not contain the Dirichlet data. Those data appear only in f, scaled by A2,
which is the same factor that sits in front of A. Homogeneous Dirichlet conditions a« = § = 0
therefore leave A unchanged and simply sample f at the interior nodes.

If one had used the fourth-order stencil (5.69) instead, A would be pentadiagonal and the first
two rows would come from a one-sided closure of (5.62); the problem is still Au = f.

The matrix in (5.76) is symmetric, tridiagonal, and positive definite (SPD). Positive-definiteness
is the discrete maximum principle: if Au = 0 then u = 0, so the homogeneous Dirichlet problem
has only the zero solution [33, 34]. Equivalently, A = G TG for the forward difference G that already
incorporates Uy = Uy,+1 = 0. The same factorization is what Li uses to reduce the spectral scale
from h=2 to h=! by a first-order dilation [34].

The matrix (5.76) is Toeplitz—constant along each diagonal—but not circulant: the corners that
would wrap U; to U, are absent, because those neighbours were Dirichlet data. It is diagonalized
by the discrete sine transform (DST). The eigenvectors and eigenvalues are [34]

. kmyj 4 km
(v(k))j = sm(n n 1), Me(A) = = 81n2<m), k=1,...,n, (5.77)

with h = 1/(n + 1). Equivalently Ay = (2 — 2cos(kn/(n + 1)))/h?. The sine modes vanish at
the fictitious endpoints j = 0 and j = n + 1, which is why they are the Dirichlet eigenfunctions.

Section 5.10 returns to this as the odd part of a Fourier series on a doubled grid.
Hence Apin(A4) = ©(1) on the unit interval and Ayax(A) = ©(h~2), so the condition number is

k(A) = Amax _ O(h™?) = 0(n?). (5.78)

)\min

This x is the parameter that later dominates every quantum linear-system bound. The passage
from the local truncation error O(h?) to a global max; |U; —u(z;)| = O(h?) is the stability argument
of Section 5.13; a quantum solver does not remove that discretization error, it only changes how
Au = £ is solved.

5.7.1 Two dimensions: the five-point stencil

On a Cartesian product grid the Laplacian splits as Au = g, + uyy. Applying the three-point
molecule (5.66) once in = and once in y, and adding, produces the five-point stencil

1
Ui—1;+Uiy1;+ Ui j-1 + U g1 — 4U; 5 1
(AhU)Z,J _ 1, T Vit1,5 + h,g 1+ Uit Jo ﬁ 1 —4 1 Uz,] (579)
1

(The array is understood to sit on the 3 x 3 neighbourhood of (4, 7), with empty corners equal to
zero.) It is the sum of the one-dimensional operator (5.65) in  and in y, hence the truncation of
(5.6) along the axial steps, so the truncation error is the sum of the one-dimensional errors:

2

h
Apu = Au + E(umm + Uyyyy) + O(RY). (5.80)

The cross derivative g, is missing from the O(h?) error, so the five-point operator is only second-
order accurate and is not rotationally invariant at that order. The nine-point stencil of Section 5.7.2
restores the missing term.

77



For the Dirichlet problem —Aw = f on the unit square, let U; ; approximate u(ih, jh) at interior
nodes i,j = 1,...,n, with h =1/(n + 1), and stack the unknowns lexicographically,

u= (Ui, . Up1, Ut Unn) €R™. (5.81)

The index of node (i,7) is p = i + (j — 1)n. The five-point molecule at an interior node then
couples p to p = 1 (the z-neighbours) and to p + n (the y-neighbours). In matrix language this is
the Kronecker sum of the one-dimensional factor T = h~2tridiag(—1, 2, —1),

A=1,9T+T®I,. (5.82)

Each row has at most five nonzeros (s = 5). Explicitly, an interior row corresponding to (i, j) with
l<i<nandl<j<nreads

—Uic1j = Uit1j = Uij1 = Uij+1 +4Ui;

B2
If ¢ = 1, the neighbour Up ; is a Dirichlet value g on the left side of the square and is moved to the
right-hand side as g/h?, exactly as a/h? was in one dimension. The four sides of the square are

four copies of that mechanism; A itself is independent of the boundary function g. Eigenvectors of
(5.82) are tensor products of one-dimensional sine modes, with

= flzi,y5)- (5.83)

km

Aee(A) = % [SinQ(Z(n—i—l)) + sin? (2(716:1))] . (5.84)

The condition number remains x(A) = ©(h~2) in any fixed dimension d; written in terms of the
number of unknowns N = n? one has k = O(N?/¢) [34]. That is the scaling quoted in Chapter 9.
5.7.2 The nine-point stencil and other extensions

The five-point molecule ignores the four diagonal neighbours. Including them with weights chosen
to match as many Taylor terms as possible produces the standard nine-point stencil [33, 29]

1 1 4 1
(AOT) = — |4 —20 4|U;;, (5.85)
P 6h2 P
1 4 1
i.e. 0
6h> (A;L )U)i,j =4Ui—1,j + Ui1; + Uijo1 + Ui j1+1) (5.86)
+ (Uiz1j-1 + Uit1,j—1 + Uit j+1 + Uig1,j4+1) — 20U, ;.
A two-dimensional Taylor expansion now yields
9), _ h? o 4y _ h? 4
Ay u = Au+ EA u+ O(h%) = Au+ E(Uxmzx + QUggyy + Uyyyy) + O(R%). (5.87)

Compared with (5.80), the mixed term 2wz, has appeared: the O(h?) error is a multiple of A%y
and is therefore more nearly isotropic. For a plain Laplacian the scheme is still second order. For
Poisson’s equation —Awu = f one can exploit (5.87) by moving the error onto the right-hand side
(the Mehrstellen or compact scheme). Since A%u = A(Au) = —Af,

(9) h?
~APU = f+ A (5.88)
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is consistent of order O(h*) while still using only the nine-point neighbourhood. The left-hand
matrix has s = 9; the right-hand side is a sparse averaging of f rather than a point sample.

Two other “nine-point” molecules should not be confused with (5.85). Taking the Kronecker
sum of the one-dimensional fourth-order stencil (5.69) produces a cross of radius two: the center,
two steps in each axis direction, and no diagonals. That operator is also nine-point and O(h%),
but it reaches further toward the boundary and is a different sparse pattern. A naive equal-weight
average of all eight neighbours is nine-point as well, yet it does not match Au even to order O(h?)
with a stable positive stencil; the weights in (5.85) are not optional.

On a periodic grid the nine-point operator is still a polynomial in the commuting shifts of
Section 5.9.1. Writing S, = S® I and S, =1 ® S, the positive Laplacian associated with (5.85) is

A0) — # (201 —4(Sz + 85+ Sy + S)) 559
~ (SuSy + S.Sf + 518, + S1h)).

It remains block-circulant with circulant blocks, hence still diagonal in the two-dimensional Fourier
basis. The only change for a block encoding is that the LCU now has nine unitary terms rather
than five, and the subnormalization grows from 8/h? to 20/(3h?). Dirichlet or Neumann nine-point
matrices are obtained from (5.89) by deleting or reflecting the wrap-around terms, exactly as in
the five-point case; near a corner as many as five of the nine weights may move into f.

5.7.3 Three dimensions, anisotropy, and variable coefficients

In three dimensions the same construction gives the seven-point stencil (s = 7): center weight
—6/h? for Ay, plus the six axial neighbours. The full 3 x 3 x 3 neighbourhood is a 27-point
molecule; compact O(h*) schemes analogous to Mehrstellen live in that family. The matrix is the
Kronecker sum of three copies of T, and x = ©(h~2) is unchanged.

If the mesh spacings h, and h, differ, the five-point operator becomes

Ui—1; —2U;; + Uiy i Uij-1—2U;; +U;j+1
h2 h2 '

(AU )iy = (5.90)
The Kronecker form is I ® T, + T, ® I with two different tridiagonal factors. A periodic LCU uses
the same shifts with o = 4/h2 +4/h2 [34].

Variable coefficients destroy translation invariance. For —(a(x)u')’ = f with a > 0 the conser-
vative three-point stencil evaluates a at half-points,

) U. —U.: +a. U: —U;_
aji1/2(U; J+1)h2% 1/2(Uj j-1) = f(z;), (5.91)

where a;41/9 = a(x; & h/2). The matrix remains tridiagonal and SPD, but it is no longer Toeplitz,
let alone circulant: each row has its own weights. The DFT/DST diagonalization of Sections 5.9.2
and 5.10 is then unavailable, while a sparse-access block encoding still applies, because s = 3 is
unchanged. The same distinction—constant-coefficient stencils are polynomials in a shift, variable-
coefficient stencils are merely sparse—is the one Li uses when comparing QFT filters with generic
QLSP encodings [34].

None of these extensions changes the type of the algebraic problem. They change s, the band-
width, whether A commutes with a cyclic permutation, and the constant in ||A| = ©(h72). A
quantum algorithm that takes a block encoding of A as input inherits those parameters and noth-
ing else.
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5.8 Neumann conditions: assembling the matrix

Dirichlet data remove boundary nodes from the unknown vector. Neumann data do the opposite:
the boundary value is unknown, and the prescribed flux must be turned into a modified row.
Consider

—u"(x) = f(x), 0<z<l, u'(0) = o9, u'(1) = oy. (5.92)
Take N equal intervals, h = 1/N, and nodes z; = jh for j = 0,..., N. The unknown is now the full

grid function u = (Up, Uy, ...,Ux)" € RV*1, Three standard devices, following [29, 33], produce
three different matrices.

First-order one-sided difference. The forward difference (U — Upy)/h = oy is a legitimate
equation, but it is only O(h) accurate. Inserted into a globally second-order scheme it pulls the
whole method down to first order.

Ghost node. Introduce a fictitious value U_; outside the domain and replace the left Neumann
condition by the centered formula
Uy —U_

oh = 0g — U_1=U; — 2]’LO‘0. (5.93)
The second-difference equation at xg for —u” = f still involves U_y:

—U_1+20y—-U;
h2

= f(wo). (5.94)
Substituting the ghost value eliminates U_; and yields

2 200

13U = U1) = flzo) — == (5.95)
At the right end the same argument with Uny1 = Un—_1 + 2hoy produces
2 20
23 (U = Un1) = flan) + 71 (5.96)

The Neumann data have entered the right-hand side, scaled by h™', just as Dirichlet data entered
scaled by h™2. Equations (5.95) and (5.96) are consistent but not symmetric: the first row is
(2,-2,0,...)/h? while the neighbouring interior row still has —1 in the (1,0) slot. Multiplying the
two boundary equations by 1/2 restores symmetry without changing the solution. That factor is
the half-cell at each end (a finite-volume reading of the same stencil). The working matrix and
right-hand side are then

-1 $f(z0) — oo/h
R fla)
ANeu ﬁ . DU 7 fNeu — ] (5‘97)
-1 2 -1 flen-1)
-1 1 %f(JJN)—i-(ﬁ/h

This is the graph Laplacian of the path on N + 1 vertices, scaled by h~2. Every row sums to zero,
so ANeu1 = 0. Homogeneous Neumann data o9 = o1 = 0 leave AN®" unchanged and only sample f
(with half-weights at the endpoints).
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One-sided second-order difference. Using (5.67) at x gives

—3Uy +4U1 — Uy
2h

= 00, (5.98)

and the symmetric formula at zx. The truncation error is O(h?), but the first row of the system is
no longer a second-difference stencil. The matrix ceases to be symmetric, which matters both for
classical SPD solvers and for quantum algorithms that prefer a Hermitian block encoding.

5.8.1 Robin conditions

Dirichlet and Neumann are the two extremes of one linear boundary condition, the Robin (or
impedance) condition of Chapter 2:

(au + /Ba”u) ’zzO,l =9, (599)

with (a, 8) # (0,0). At = = 0 the outward normal is —0,, and at = = 1 it is +0,. Dirichlet is
B = 0 (the nodal value is data and is removed from the unknown vector). Neumann is o = 0 (the
previous subsection). A mixed Dirichlet-Neumann problem is Robin with («, 5) = (1,0) at one
end and (0,1) at the other; there is no separate algebraic type.

Assume [y # 0 at the left end, and write vo = /5o together with go for the left datum. The
boundary law is then agUy — Bou/(0) = go, so v/ (0) = (apUy — go)/Bo- The centred ghost formula
(Uy — U-1)/(2h) = 4/ (0) gives U_1 = Uy — (2hao/Bo)Uo + (2h/Bo)go. Substitute this into the
second-difference equation (—U_; + 2Uy — Uy)/h? = f(x0):

( 2 2040

2 29(]
a _ 2% 1
=t Boh)UO U1 = flao) + 20 (5.100)

The same 1/2 scaling that restored symmetry for Neumann produces the first row

(1 +%)Uo* 1U1:1f(x0)

N N 5 (5.101)

go
+ —.

Boh
An analogous calculation at z = 1 with 3 = a1 /81 adds 1 /h to the last diagonal. The assembled
operator is therefore the Neumann matrix plus a boundary mass:

ARob — gNeu 4 %diag(%, 0,...,0,71). (5.102)
If 79,71 > 0 and at least one is positive, then AR°P is SPD: the extra diagonal term kills the kernel
of AN®U 5o the problem is a QLSP instance with no projection onto 1+. If By = 0, the left node is
Dirichlet and is deleted as in (5.76); the remaining matrix has a 2 in its first interior diagonal slot
and a Robin (or Neumann) modification at the other end.

The eigenfunctions are no longer a plain DCT. Separation of variables gives cos(ux + ¢) with a
transcendental equation for p that depends on (79, v1); the DFT/DCT dictionary of Section 5.10
therefore applies only in the Dirichlet, Neumann, and periodic limits, while a generic Robin operator
is a sparse Hermitian matrix to be block-encoded directly.

5.8.2 Pure Neumann data and the kernel

If every boundary is Neumann, AN°" in (5.97) is singular [29, 30]. The constant vector 1 =
(1,...,1)T is a null vector because each row sums to zero (discrete conservation of flux). Alge-
braically (AN®")~! does not exist, so the problem is not a QLSP instance until the kernel is removed.
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Physically, if G is a solution then so is &1 + c1. Existence requires compatibility: summing all rows
of ANeuy = fNeu giyes 0 = > f(zj) h — (01 — 00), the trapezoid form of fol f = o1 — o9, itself the
integral of —u” = f. Uniqueness is restored by a side constraint: fix the mean of u, or pin a single
nodal value. Equivalently one inverts AN" on 1. On the quantum side the same kernel is a zero
eigenvalue that must be projected out before an inverse filter is applied.

The spectrum of (5.97) is explicit. The discrete cosine transform (DCT-I) diagonalizes the path
Laplacian:

(v(k))j = cos(%), A (ANewy = % sin2(

Thus Ao = 0 and Apax = O(h72). Restricted to 1+ one still has k = ©(h~2). The cosine modes
have vanishing discrete derivative at both ends, which is why they are the Neumann eigenfunctions.
They are the even part of a Fourier series on a reflected grid; Section 5.10 makes that precise.

/mr)7

— k=0,...,N. 1
5N 0,..., (5.103)

5.9 Periodic conditions, circulants, and the DFT

On a circle (or a torus) every node is interior. Identify z = 0 with « = 1, take N points z; = jh
with h = 1/N, and set Uy = Up. The unknown is u = (Up,...,Uy_1)". The three-point stencil
(5.73) now wraps around: the neighbour of Uy on the left is Uy_1, and the neighbour of Uy_1 on
the right is Uy. Writing the system out,

2 —-1 0 0 -1
-1 2 -1 0 0
APer — % 0 -1 2 . = (). (5.104)
-1 0
0 -1 2 -1
-1 0 0 -1 2

The two corner entries —1/h? are the whole difference between (5.104) and the Dirichlet Toeplitz
matrix (5.76). Those corners are not a nuisance: they are the statement that the grid is a cycle
rather than a path, and they make the matrix circulant.

5.9.1 The cyclic shift as a permutation

Index the canonical basis by j =0,..., N — 1 and let .S be the permutation matrix of the N-cycle
01 .-+ N—-1),

S|j) =1j + 1 mod N). (5.105)
As an array,
Lo oo
S=10 1 " . (5.106)
: . 00
0O --- 0 10

Thus S has ones on the subdiagonal and in the top-right corner. It is a permutation matrix, hence
unitary: S~' = ST = ST and S = I. The inverse is the opposite cycle, ST|j) = |j — 1 mod N).
On grid functions, (Su); = U;—1 and (STu); = Uj41 (indices modulo N).
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The powers {I,5,52,..., SN~} are the regular representation of the cyclic group Z/NZ. Every
circulant matrix is a polynomial in this single permutation [34]:

C=col +c18+ 8%+ +en_1 SV L (5.107)
Equivalently, each row of C' is a right cyclic shift of the row above. The periodic Laplacian is the

three-term case
2l -5 -8t 21— 85— gV

Per _
AT = % % ) (5.108)
since ST = SN=1. The same language writes the periodic first differences of Section 5.6,
St—1 I-S St — 8
* ho ho 07 Tap (5.109)
and recovers AP = —D,D_ = —D_D,. Because S is unitary, each of Dy is an exact linear

combination of two unitaries; that is the LCU block encoding of Chapter 6.
On a periodic square the same construction is a Kronecker sum. With S, = S®I and Sy = I®S,

41 — S, — St — 8, — Si

APer2D _ - Y—JT@ AP AP @I (5.110)

The matrix is block-circulant with circulant blocks: translating the whole grid by one cell in x or in
y leaves it invariant. The nine-point operator (5.89) is the same statement with four extra diagonal
shifts 5,5, and its adjoints; it is still a polynomial in {S;, Sy} and still Fourier-diagonal.

5.9.2 Diagonalization by the DFT

A permutation that is a single N-cycle is diagonalized by the characters of Z/NZ, i.e. by the
discrete Fourier transform. Let w = €2™/N and let F' be the unitary Fourier matrix

1 A 1 .
Fjjy = ——=wh = —— ¥k =0,...,N 1. (5.111)

VN VN

The columns go(k) of F' are the Fourier modes (np(k))j = N~1/2uik Applying the shift,
Sp) = Rk (5.112)

SO
S=FQF,  Q=diag(l,w™},...,w "), (5.113)

Every circulant, being a polynomial in S, is diagonal in the same basis:
N-1
C = Fdiag(\o,...,Av-1) FT,  Ne= > cpw ™. (5.114)
m=0

The vector (\g) is itself a (non-normalized) DFT of the first column of C'. Matrix—vector multipli-
cation by a circulant is therefore one DF'T, a pointwise product, and an inverse DFT; inversion of
a circulant is the same with A\ — 1/, wherever X\ # 0.

For the Laplacian (5.108) the symbol is 2 — w™* — w* = 2 — 2 cos(27k/N), hence

4 7k
Pery __ 2 _
AL(AT*) = o sin (7) k=0,...,N—1. (5.115)
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In particular Ag = 0 with eigenvector 1, so Poisson on a torus is solvable only for mean-zero f, and
the inverse is defined on the orthogonal complement—the same kernel as in the Neumann problem,
now visible as the k = 0 Fourier mode. The two-dimensional operator (5.110) is diagonalized by
F® F, with A, ¢ = (A\; + A¢) a sum of one-dimensional symbols.

Any matrix function of a circulant collapses to a scalar function of the symbol: f(APer) =
F f(A) FT. Periodic heat, wave, and Poisson problems are the same DFT with f(z) = e "%,
cos(cty/z), or 1/z (on k # 0). That is the discrete form of the functional calculus of Chapter 11,
and it is why a quantum Fourier transform followed by an arithmetic filter is a complete periodic
solver [34].

5.10 Which transform for which boundary

The three trigonometric transforms are not three unrelated diagonalizations. They are the Fourier
transform on a cycle, restricted to functions with a chosen symmetry [33, 34].

Start with N periodic nodes and the DFT (5.111). Even and odd extensions to a reflected grid
produce Neumann and Dirichlet spectra as follows.

e Periodic. Translation invariance: Uj;y = U;. The symmetry group is the cycle generated by
S. The eigenbeasis is the full set of Fourier modes ¢*), and AP®" is circulant.

e Dirichlet. Odd extension across the endpoints: place zeros at j = 0 and j = n+ 1 and reflect
with a sign change. The resulting 2(n + 1)-periodic grid function is an odd combination of
Fourier modes, which reduces to the sine vector in (5.77). The wrap-around corners of S
are deleted, and the matrix is Toeplitz but not circulant. The DST is the DFT of that odd
extension.

e Neumann. FEven extension: the ghost rule U_y = Uj is reflection without a sign change.
The 2N-periodic even extension is a cosine combination of Fourier modes, which reduces to
(5.103). Algebraically one replaces the wrap-around corners of S by a reflection permutation
rather than deleting them; the matrix is the path Laplacian (5.97), diagonalized by DCT-I.

e Robin. The extra diagonal mass /h in (5.102) breaks even extension, so the eigenfunctions
are not a DCT; one block-encodes the sparse matrix directly.

In short: the cyclic permutation S generates the circulant algebra and the DFT; Dirichlet is S
with wrap-around removed (odd/sine); Neumann is S with wrap-around replaced by a reflection
(even/cosine). Li’s circuit remark is the same picture in gates: start from the periodic shift and
correct the boundary-crossing entries [34].

The correspondence is summarized in Table 5.1. On a tensor-product grid the two-dimensional
operators are Kronecker sums, so the eigenbases are tensor products of the one-dimensional trigono-
metric modes (and the fast transform is a product of 1D transforms). That is the classical reason
a spectral Poisson solver is an FFT, DST, or DCT; it is also the reason a QFT-based elliptic filter
exists for periodic data, with DST/DCT variants for Dirichlet and Neumann boxes (Chapter 12).
Generic Robin data fall outside that dictionary: the matrix remains sparse and Hermitian, but its
eigenbasis is no longer trigonometric.

5.11 Finite elements, briefly

Finite differences are pointwise. Finite elements start from the weak form of a second-order elliptic
problem [29]. For —V - (AVu) + cu = f with homogeneous Dirichlet data one seeks u € HE(Q)
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boundary matrix group action transform

periodic  circulant (5.104) cycle S DFT
Dirichlet  Toeplitz (5.76) odd extension DST
Neumann path Laplacian (5.97) even extension DCT-1
Robin (5.102) ANeU plus boundary mass  not a DCT

Table 5.1: Second-difference matrices, the symmetry that produces them from the cyclic shift, and
the trigonometric transform that diagonalizes them. In every case A\; = (4/h?)sin? 6y for a grid-
dependent angle 6, so k = ©(h~2) on the complement of any kernel.

such that
a(u,v) = (f,v) for all v € Hy(S), (5.116)

where a(u,v) = [o(AVu- Vv + cuv) and Dirichlet data have already been built into the space (the
trace of H} vanishes on 9€2). Neumann data, by contrast, appear naturally as a boundary integral
after integration by parts; they modify the linear functional on the right-hand side rather than the
trial space.

A Galerkin subspace V;, C H(Q) with basis {gbj};-\f:l produces the stiffness matrix and load
vector

Kij = a(¢j, ¢5), F; = (f, ), KU =F. (5.117)

Compact support of the basis keeps K sparse and, for the usual elliptic coercivity, SPD. The
algebraic problem is again a QLSP instance. Two structural differences from (5.76) matter later: the
load vector samples f against basis functions rather than at nodes, and a mass matrix M;; = [ ¢;¢;
appears as soon as the problem is time-dependent, yielding Mu’ = Ku rather than u’ = Au. Mass
lumping replaces M by a diagonal matrix and returns one to the finite-difference cost model [34].
For piecewise linears the basis functions are the hats (5.42), and the entries of K, M, and F are
integrals of the kind computed in Section 5.5.

Finite-volume and discontinuous Galerkin schemes assemble different sparse matrices (cell aver-
ages and numerical fluxes; locally invertible mass blocks) [29]. They are the natural discretizations
of conservation laws in Chapter 13, but they still produce either Au = f or u’ = Au.

5.12 Method of lines and time stepping

Discretize space and leave time continuous. For the heat equation u; = Kuz, on (0,1) with homo-
geneous Dirichlet data, the interior vector u(t) of Section 5.7 satisfies

u'(t) = —kAu(t) + g(t), u(0) = uy, (5.118)

where A is the SPD matrix (5.76) and g collects any inhomogeneous boundary or forcing terms
that have been moved to the right-hand side, exactly as «/h? was. This is a linear ODE. If A is
constant, Duhamel’s formula [29] gives

t
u(t) = e "tAuy + / er=9)Ag(s) ds. (5.119)
0

The homogeneous piece is the matrix semigroup e 4.

A time step of size k = At produces a fully discrete scheme. Forward Euler is explicit; the
von Neumann calculation of Section 5.13.3 forces the parabolic restriction k < h?/(2x). Backward
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Euler and the trapezoidal (Crank—Nicolson) rule are implicit. Averaging the spatial operator at t,

and t,+1 yields

n+1 n

u —u

k

in the homogeneous case, or, with the diffusion number r = xk/(2h?) written out on the three-point
stencil [29],

= g(—Au" — Au™t) (5.120)

—r UM + (1 + 20U —r U = r U 4+ (1= 20)UF + 1 Uy (5.121)

Each step is a tridiagonal linear system (I + ’%kA)u”+l = b". The left-hand matrix is SPD with
condition number still ©(h~2) for fixed k, so every implicit step is a QLSP instance (Chapter 9,
reused in Chapter 14). Truncation and stability of Crank—Nicolson are computed in Section 5.13:
the scheme is O(k% + h?) and unconditionally stable, but not L-stable.

5.12.1 Absolute stability
The scalar model of (5.118) is ¥’ = Ay. A linear multistep step of width k,

Z ajyn+j = k Z ij(tn_;,_j, yn+j), QA = 1, (5.122)
7=0 7=0

applied to this equation produces a linear recurrence. Its characteristic polynomial is p(¢) — zo((),
where z = kX, p(¢) = YL a;¢7, and o(¢) = Y72 B;¢7. The value z lies in the region of absolute
stability when every root satisfies |(| < 1 and every root of modulus 1 is simple [32].

Forward Euler, y,+1 = yn+kf,, amplifies by 142z, so the region is the disk |[1+z| < 1. Backward
Euler, yp4+1 = yn + k fnt1, amplifies by 1/(1—z). The trapezoidal rule, which is Crank—Nicolson for
(5.118), amplifies by (1 + 2/2)/(1 — z/2). For every z with negative real part the last two factors
have modulus at most 1. Along the negative real axis, as |z| — oo, the trapezoidal factor tends
to —1. A mode with k|\| > 1 therefore decays slowly and changes sign at each step, which is the
failure of L-stability recorded above.

The root condition is the same restriction at z = 0. Consistency forces p(1) = 0, and the
condition asks that every root of p satisfy |¢| < 1, with every root on the unit circle simple. The
explicit two-step formula y,+1 = 3y, — 2yn—1 has p(¢) = (( — 1)(¢ —2). On 3’ = 0 the root
2 produces a factor 2", so the recurrence grows for every step size. For a consistent multistep
method, the root condition, stability under perturbations of the starting values, and convergence
are equivalent.

The eigenvalues of —xA in (5.118) are real and negative, and the largest has size ©(x/h?).
Forward Euler keeps z = kX inside |1+ z| < 1 only for k = O(h?), which is the parabolic restriction
k < h?/(2k) of Section 5.13.3. Backward Euler and Crank-Nicolson contain the negative axis, so
the step size is free of that restriction, and each step is the linear system already written, with
condition number still ©(h2).

The wave equation uy = gy, reduced to a first-order system in (u,uy) or factored through
a discrete gradient, produces a generator that is skew-Hermitian (or becomes Hermitian after a
Schrédingerization / first-order dilation). The natural matrix function is then e~ i.e. Hamil-
tonian simulation, rather than a dissipative semigroup [34]. First-order transport u; + au, = 0
is the scalar model of that hyperbolic class. Upwind differences respect the characteristic direc-
tion and are stable under the CFL condition |a|k/h < 1; centered second-order schemes such as
Lax—Wendroff raise the order but, by Godunov’s theorem, cannot stay monotone while remaining
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linear [29]. Those design issues belong to Chapter 13. The only fact needed here is that the spatial
operator is again a sparse matrix, typically non-normal, acting on a grid function whose boundary
treatment follows the same Dirichlet/Neumann /periodic playbook.

5.13 Consistency, stability, and convergence

Assembling Au = f does not by itself guarantee that u is close to the PDE solution. The missing
ingredients are consistency of the stencil, stability of the inverse (or of the time stepper), and the
implication from those two to convergence [33, 29]. A quantum algorithm inherits the discretization
error unchanged: it replaces a classical solve of the same linear algebra, at a different cost in k and
S.

5.13.1 The abstract error equation

Let Ly, be a linear discrete operator on a mesh of size h, with LU = f, the scheme and v a smooth
exact solution of the PDE. The local truncation error is the residual of the exact solution in the
discrete equations,

T = Lp(¢lgria) — fh- (5.123)

The scheme is consistent of order p if ||| = O(hP) as h — 0 (and, for time stepping, O(k? + hP)
jointly). The global error e := U — u|griq then satisfies

Lpe = —1p (5.124)

whenever LU = f;,. Hence
lell < 125 [ ll7ll, (5.125)

provided Ly, is invertible. Consistency controls || |; stability is the statement that ||L; *|| remains
bounded as h — 0, uniformly in the mesh. For linear schemes those two hypotheses are necessary
and sufficient for convergence |e|]| — 0 (Lax—Richtmyer) [33]. The same identity is why a one-sided
first-order Neumann row, whose truncation is O(h), pulls a globally second-order interior stencil
down to O(h): ||| is already only O(h), and no bound on ||A~!|| can recover an order that the
residual does not have.

The two-norm of A™! is 1/Apmin(A). That quantity being O(1) (Dirichlet Poisson on a fixed
domain) is 2 stability of the elliptic scheme. It is not to be confused with the condition number
K(A) = Apax/Amin = ©O(h~2), which governs round-off and the query cost of a quantum linear
solver, not the discretization error.

5.13.2 Elliptic schemes: from 7, to a global O(h?)
For the Dirichlet problem (5.71) one has Lj, = A from (5.76) and, by (5.65),
h2
7 = (Auly, — f); = —5ul (25) + O(h"). (5.126)
Thus ||7]lec = O(h?) as soon as u € C*. The DST spectrum (5.77) gives Amin(A4) = O(1), so
(5.125) already yields |le||2 = O(h?). A maximum-norm bound follows from the discrete maximum

principle, which is the statement that A is inverse-positive: Av > 0 (componentwise) implies v > 0
for interior grid functions vanishing at the Dirichlet ends [33].
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To convert this into an explicit constant, let ¢; = 3z;(1 — 2;). Then ¢” = —1 and p® =0, so
the three-point stencil is exact on ¢ and (Ay); = 1. If |7;| < M, the comparison functions My +e
satisfy

AMyp —e) =M1+7 >0, AMyp+e)=M1—-7>0, (5.127)

because Ae = —7 by (5.124). Inverse-positivity yields M1 £+ e > 0 and
M

max |ej| < M max; = —. (5.128)
J J 8
With M = (h?/12)[|u® ||« + O(h*) one obtains
h2
max|Uj — u(z;)] < g [u® oo + O(h). (5.129)

The five-point scheme on a square is the same argument in two dimensions: 7 = O(h?) by (5.80),
A remains inverse-positive, and a quadratic comparison function (e.g. 1 = $2(1 — z) + 2y(1 — y))
gives max |e| = O(h?). The nine-point Mehrstellen modification (5.88) replaces 7 by O(h*), so the
same stability produces a global O(h?*) provided the boundary closures match that order.

5.13.3 Time stepping: amplification and CFL

For a linear constant-coefficient evolution, substitute a Fourier mode Uj" = Umei%i into the fully
discrete scheme. Each step becomes multiplication by a scalar amplification factor g(§), and sta-
bility in 2 on a periodic (or frozen-coefficient) grid is |g(¢)| < 1 for all frequencies ¢ [33, 29]. The
eigenvalues of the three-point Laplacian on such a mode are A(&) = (4/h?)sin%(¢h/2), the same
symbol as (5.115).

Forward Euler, (U™ — U")/k = —kAU™, has

h k
9(&§) =1 = rEA(E) =1 - 4psin2(%), p = 2—2 (5.130)

The most restrictive value is sin? = 1, so |g| < 1 for all £ if and only if 4p < 2, i.e.

h2
k< —. 5.131
< 5 (5.131)
This is a CFL condition of parabolic type: time steps must refine as h%, not as h. Dirichlet sine
modes replace h by km/(n + 1) and give the same restriction, attained in the highest frequency.
Crank—Nicolson averages A at the two time levels. On a Fourier mode

_1—2psin®(¢h/2)
1+ 2psin?(¢n/2)

9(8) (5.132)
For p > 0 the numerator is strictly smaller in absolute value than the denominator, so [g(§)| < 1
with no restriction on k: the scheme is unconditionally stable. As p — 0o, g — —1, so large steps
are stable but oscillatory (the scheme is A-stable, not L-stable) [29].

The local truncation error of Crank—Nicolson is read from Taylor’s theorem in ¢ about the
midpoint t,,, /5, together with the spatial expansion (5.65). The left-hand time difference equals
ug + (k% /24)ugys +O(K*) at that point; the averaged second difference equals Ktz + (Kh?/12)Ugpes +
O(h* + k?). Using u; = kug, the leading terms cancel and

= O(k* + h?). (5.133)
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Lax-Richtmyer with the uniform bound |g| < 1 therefore gives a global error O(k? + h?) on a fixed
time interval. Forward Euler is only O(k + h?), and only inside the regime (5.131).

For the linear advection equation u; + au, = 0 the same Fourier substitution on a three-point
spatial stencil produces a CFL condition of hyperbolic type, |a|lk/h < 1: the numerical domain
of dependence must contain the characteristic x — at = const [29, 33]. Upwind is first-order and
monotone inside that regime; Lax—Wendroff is second-order and, by Godunov’s theorem, cannot
be both linear and monotonicity-preserving. Those schemes are developed in Chapter 13.

5.13.4 (Galerkin error

Finite elements replace truncation of a stencil by orthogonality in the energy inner product. If
a(-,-) is continuous with constant a and coercive with constant 8 on H}(€2), Lax-Milgram gives a
unique weak solution. The Galerkin condition a(u — up,v,) = 0 for all v, € V} then implies, for
arbitrary vy € Vp,

Bllu — unl?n < alu —up,u —up) = alu — up,u —vy) (5.134)

< allu —up|l g llu = vall g

hence Céa’s lemma ||u — up|| g1 < (a/B)infy, ey, ||u — vp||gr [29]. On shape-regular meshes of size
h, the infimum for piecewise linears is O(h)|u|g2, so the energy error is O(h) and, under elliptic
regularity, the L? error is O(h?) by a duality argument. The algebraic system KU = F is still a
QLSP instance; Céa’s constant plays the role of ||L; || in (5.125).

5.13.5 Discretization error in the quantum cost model

An end-to-end error budget therefore has at least three terms [34]: the global discretization error
just estimated, the QLSP or simulation error £ of Chapters 9 and 8, and the sampling error of
the observable. Matching O(hP) to a target accuracy etot forces h = @(ei({f ) and, for second-order
elliptic stencils,

K(A) = O(h™2) = O(e.27). (5.135)

Refining the mesh to reduce discretization error inflates the condition number that a quantum linear
solver pays for. That coupling is the reason Li tracks mesh-dependent cost rather than treating A
as an abstract matrix [34], and it is why first-order factorization (reducing the spectral scale from
h=2 to h~!) is a discretization-level decision, not a circuit identity.

5.14 Conditioning, sparsity, and what a quantum algorithm sees

End-to-end cost is not the cost of inverting A alone [34]. After the constructions of this chapter,
the quantities that reappear in Chapters 6 and 9 are already determined.

« Dimension. N is the number of retained unknowns. On a d-dimensional mesh, N = ©(h~9),
stored in [logy N'| qubits.

o Sparsity. The stencil width s is the number of nodes in the molecule of Section 5.6.6: s = 3 for
the three-point second derivative, s = 5 for the five-point Laplacian or the one-dimensional
fourth-order stencil, s = 9 for the nine-point Laplacian, and s = 2d + 1 for the standard d-
dimensional second-order Laplacian. FEM stiffness matrices have s set by the element degree
and mesh topology, still O(1) per row for local bases.
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o Norm and subnormalization. |A|| = ©(h~2) for a second-order elliptic stencil. A block
encoding represents A/a with a > ||A]|; the periodic LCU of Section 5.9.1 takes o = 4/h? in
one dimension and o = 8/h? in two dimensions [34].

e Fourier structure. Periodic matrices are polynomials in the cyclic permutation S and are
diagonalized by the DFT (Section 5.9.2). Dirichlet and Neumann matrices are the odd and
even restrictions of the same picture (DST/DCT, Section 5.10). A QFT (or a DST/DCT
circuit) is therefore a spectral encoding of the discrete Laplacian, not an extra algorithm.
Generic Robin matrices lose that trigonometric eigenbasis (Section 5.8.1).

o Condition number. k(A) = O(h~2) = O(N?/%) for second-order elliptic and implicit parabolic
matrices on a domain of fixed size. This, not N itself, is the dominant parameter in HHL
and QSVT inversion.

o Right-hand side. Dirichlet and Neumann data live in f (or in g(¢)). Preparing a normalized
|b) o< f is a state-preparation cost, cheap for smooth or structured data and expensive for
arbitrary classical vectors.

e Kernel. Pure Neumann or periodic Poisson operators are singular until the constant mode is
removed. An inverse filter cannot be applied on a spectral window that contains 0.

e Discretization error. Consistency plus stability give |le|| = O(h?) independently of how Au =
f is solved (Section 5.13). Matching that order to a target accuracy inflates x = ©(h~2).

e Readout. The quantum output is a normalized state, not the N nodal values. Observables,
inner products, or derived PDE quantities are the intended measurements; writing down every
entry of u destroys the asymptotic accounting.

The next chapter turns the sparse stencil—shifts S, ST in the periodic case, or a sparse-access oracle
once boundaries have been corrected—into a block encoding. From that point on the pipeline is
linear algebra.
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Chapter 6

Block encoding and qubitization

A block encoding represents a (normalized) matrix A/« as a distinguished block of a larger uni-
tary [40, 35, 34]. Once a discretized differential operator is in this form, QSVT, Hamiltonian
simulation, and linear-system solvers become compositions of a small set of primitives—the ana-
logue of BLAS/LAPACK for quantum scientific computing.

The chapter has four steps. Section 6.1 defines a block encoding and shows what the sub-
normalization « costs. Section 6.2 lists the rules for combining block encodings, and Section 6.3
proves the most important one, the linear combination of unitaries. Section 6.4 applies these rules
to the stencil matrices of Chapter 5, where the cyclic shift S turns a finite-difference Laplacian
into a sum of four or five unitaries. Section 6.5 then shows how a single block-encoding unitary is
iterated to produce Chebyshev polynomials of A/« in the same block, which is the starting point
of Chapters 7, 8 and 9. The development follows Lin and Wiebe, Chapters 9 and 10 [35], with the
finite-difference examples taken from Li [34].

6.1 Block encodings

A quantum circuit is a unitary matrix, and the matrices of Chapter 5 are not. The discrete Laplacian
is real symmetric with eigenvalues in [0,4d/h?], while a unitary has all of its eigenvalues on the
unit circle. A circuit therefore cannot apply A to a state |b), and the operation |b) — A|b)/||A|b)]]
is not a gate. It can still be obtained by embedding A, suitably scaled, into a larger unitary and
keeping only the part of the output in which an extra register has returned to |0).
Let A € CV*N with N = 2". A unitary U acting on a + n qubits is an («, a, €)-block-encoding
of A if
|4 —a (0" & In) U (0% ® In)]| < <. (6.1)

The a qubits are the ancilla register. The projector II = [0%)(0% ® Iy singles out the top-left block
of U, and for € = 0 the definition says
U= (A/a *> (6.2)
* ok

in a basis ordered with the ancilla state |0%) first. The scalar a > 0 is the subnormalization. The
entries * are whatever unitarity forces; they are never used. A unitary V is an (1,0, 0)-block-
encoding of itself, since no ancilla is needed. The weaker data (o,a) with ¢ = 0 are written
BEqq(A).
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The first constraint is ||A|| < a + ¢, because a submatrix of a unitary has norm at most one.
Hence o > || Al| up to the error, and the ratio «/||A|| > 1 measures how much the encoding wastes.
Existence is never the obstacle. If A = Af and ||A|| < 1, then A and v/T — A2 commute and

U_< A \/I—A2>
T \WI—4 -4

satisfies U? = I and U = UT, so it is a unitary (1,1,0)-block-encoding. For a general A with
|A|l <1 the Halmos dilation has the off-diagonal blocks /T — AAT and /T — ATA and —A' in the
corner. The difficulty is that (6.3) requires the matrix v/I — A2, which is as hard to apply as A
itself. The real input model is therefore not the dilation but a circuit for U of small depth, and the
rest of this chapter constructs such circuits for the matrices of Chapter 5.

To see what the block does, apply U to |0%)|b). Splitting the output according to II gives

(6.3)

a a A|b> a
Ulo9[e) = 0% —=+1[ 1),  (0Y|eI)]L)=0 (6.4)
Measuring the ancilla and keeping the outcome 0 therefore succeeds with probability
_ lAp))?
=2 (6.5)

and the system register then holds A|b)/||Alb)||. Amplitude amplification raises p to a constant
at the price of O(a/||A|b)||) further uses of U. This is the mechanism by which a enters every
complexity bound of later chapters. For the periodic Laplacian of Section 6.4 with o = || 4], a
state |b) concentrated at the Nyquist frequency is accepted with probability close to one. A smooth
state is not: the lowest nonzero Fourier mode has A|b) = A|b) with A\;/a = sin?(7/N) ~ (7h)?,
so p ~ (mh)* and the amplified cost is O(h~2) = O(k). Smooth states live at the bottom of the
spectrum, and the block A/« is small there by construction.

Finally, a block encoding can be checked entry by entry: ((0%|(i]) U (|0)|j)) = A;j/c. This is
how the circuits below are verified, and it is also how an approximate encoding is understood, since
(6.1) bounds the norm of the difference between A and the realized block.

6.2 An algebra of block encodings

Block encodings compose in the way matrices do, but the normalizations multiply or add and the
ancilla registers accumulate. Three rules suffice for this report; the proofs are one-line projec-
tions [35, 34].

Adjoint. If Uy is an («, a, €)-block-encoding of A, then Uit is an (o, a, )-block-encoding of AT,
because ITULIT = (ITU4TT)T,

Tensor product. If Us and Up are exact block encodings with data («,a) and (3,b), acting on
different system registers, then Uy ® Up is an exact (af,a + b)-block-encoding of A ® B once the
ancilla registers are grouped together. This is used together with the LCU rule below, because a
Kronecker sum A® I + I ® B is a sum of two tensor products, each with a block-encoded identity
factor.

Product. Let Uy be an (a, a,e4)- block-encoding of A and Up a (8,b,ep)-block-encoding of B.
Order the registers as Hq ® Hp @ Heys and let Uy act as Uy on (a,sys) and as the identity on b,
and let Up act as Up on (b, sys) and as the identity on a. The register a stays in [0) while Ug
acts, and b is untouched while U4 acts, so in the exact case

AB AB

(0" @ 1) UaUp (|0 @ 1) = 3" i

(6.6)
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Thus ﬁA(}B is an (af3,a + b,e4p)-block-encoding of AB. Write A = A+ FE, and B = BE + Ep
with ||A]],||B|| < 1 the realized blocks and ||E4| < €4, |Eg| < ep. Then AB — afAB =
QAEg + BEAB + EAEp, so

eap < aep + fea + caeB. (6.7)

The normalization factors multiply, which is the quantum counterpart of the fact that ||AB| <
|A|||| B||. The product rule applied k times gives a block encoding of A* with normalization o, i.e.
the normalized block is (A/ o), but it spends ka ancilla qubits. Section 6.5 removes that growth:
qubitization produces polynomials of A/« in the same a ancillas.

Sum. Sums of block encodings are handled by the linear combination of unitaries of the next
section, where the normalizations add instead of multiplying.

6.3 Linear combination of unitaries

Suppose a matrix is given as a weighted sum of unitaries,

K—-1
T=> ol >0, (6.8)
i=0
where a complex or negative coefficient has been absorbed into the unitary (if a; = |ay|e!?, use

e'?U;; the matrix —S is unitary whenever S is). Pad K to 2% and let ||a|; = ; ;. Define the
two circuits

K-1 . K—1
PREP [0%) = 3 IISIZI i),  SELECT =Y [i)(i|@U;+ 3 [i)(i| @1, (6.9)
i=0 1 i=0 i>K

where the second sum in SELECT only keeps the operator unitary on the padded labels, which have
zero amplitude after PREP. The register of a qubits is the selector: PREP writes the coefficients
in superposition, and SELECT applies the unitary indexed by the selector value to the system
register. Then

W = (PREP' ® I) SELECT (PREP @ I) (6.10)

is an exact (||a||1,a, 0)-block-encoding of T'. The proof is a direct projection: since ((0?|PREPT) =
>iveai/llalli (i and SELECT acts as U; on the system when the selector is |7),

(0@ D)W (0 &I) =" (6.11)

el lledls = el
Figure 6.1 shows the circuit. Equation (6.11) is the block-matrix identity

U() w()I

(woj wK_lj) : :Zw?Ui, w; = \Joi/|lall,  (6.12)

Uk-1/) \wg_11

in which the selector chooses one diagonal block and PREP supplies the weights on both sides.
Because the ancilla outcome 0% is postselected, W acts on a normalized state |1)) with success
probability ||T])]|?/||||? by (6.5). The coefficient sum ||c||1 is therefore the normalization of the
encoding and not merely a convention. It can be much larger than ||T'|| when the terms cancel, for
instance when T is a small difference of two nearly equal unitaries, and a decomposition with a large
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|0 —— PREP — — PREPT —— (0?| projects
SELECT

T

vl

%) |¥)

Figure 6.1: The LCU circuit (6.10). The upper wire is the selector register with a = [logy K| qubits
and the lower wire is the system. When the selector returns to [0%) the system holds T'|¢)) /| a]|1.

¢! norm is expensive even if |T|| is small. Among splits of the form a; = Bi7i, with PREP preparing
B/1|8]l2 on the left and ~/[|y||2 on the right, the normalization is ||5||2]|v|l2 > >_; [5il|vil = [|a|li by
the Cauchy—Schwarz inequality. Equality holds exactly for the symmetric choice |5;| = |vi| = /|«
of (6.9), which is therefore the optimal split. An asymmetric split is still useful when the two sides
of a circuit must be different circuits; Section 6.5 meets that case.

The LCU rule extends to sums of block encodings. If U; is an (v;,d’, &;)-block-encoding of A;
and A = ), ¢;A;, then the same circuit, with SELECT built from the U; and PREP built from the
weights |¢;|vi, is a block encoding of A with normalization Y, |¢;|v:, with a + o ancillas and with
error »_; |¢;le;. Normalizations and errors add. A continuous parameter is handled by quadrature:
if f(A) = [w(s)g(s,A)ds is approximated by >, wig(sk, A) with g(sg, A) unitary, the result is
an LCU with ||a||1 = >2; |wk|. The Cauchy quadratures of Chapter 11 and the LCHS formula of
Section 10 have this form, and }°;, |w| plays the role of a stability constant of the quadrature rule.
LCU was introduced for Hamiltonian simulation by Childs and Wiebe [16].

A caution on cost. The selector needs only [log, K| qubits, so a sum of exponentially many
terms fits in a small register. This is a saving only when PREP and SELECT have compact circuits:
for unstructured coefficients the preparation of the state in (6.9) and the multi-controlled SELECT
may themselves cost O(K). The next section is the case where both are trivial, since K = 2d + 1
and the unitaries are shifts.

6.4 Sparse-matrix and finite-difference block encodings

Stencil matrices from Sec. 5 are the first concrete encodings used later for Poisson, heat, and wave
operators [34]. The unifying fact is that a constant-coefficient stencil is a polynomial in the cyclic
shift S of Section 5.9.1, and S is already unitary. Set N = 2" and S|j) = |j + 1 mod N). The
circuit for S is modular addition of one, a reversible incrementer on n qubits, and the circuit for
St is the decrementer. These have gate counts polynomial in n = log, N; explicit circuits for the
banded circulant and tridiagonal cases are due to Camps, Lin, Van Beeumen and Yang [13].

6.4.1 Periodic stencils as a linear combination of shifts

By (5.108) the periodic three-point matrix is

o 2I—-S—-St 1
an LCU with the three unitaries I, —S, —ST and coefficients 2/h2, 1/h?, 1/h%. The coefficient sum
is o = 4/h?%. A selector of two qubits holds the three labels, with the fourth label unused. Take
PREP |0) = % 0)+3 |1)+32), SELECT = [0)(0|@+|1)(1|®(—S)+|2)(2|@(=ST)+|3) (3| 1.
(6.14)
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Equation (6.11) gives the top-left block 31 — 1S — 15T = h2AP /4, so the circuit Uy, = (PREPT ®
I)SELECT (PREP ®I) is an exact (4/h?, 2, 0)—block—encodlng of APe". The circuit uses the incre-
menter and decrementer once each, controlled on the selector, and a constant number of rotations.

This encoding wastes nothing. The ecigenvalues of A" are A\, = (4/h?)sin®(rk/N) (Sec-
tion 5.9.2), so for even N the largest equals 4/h? and a = ||A"°"|| exactly. The normalized matrix
APer /o has Fourier eigenvalues sin?(k/N) € [0, 1]. Its smallest value is zero (the constant mode of
the periodic problem) and its smallest nonzero value is sin?(7/N) = ©(h?), which is the condition
number £ = O(h~2) restated in the normalized scale. The unitary Uy, is not Hermitian, because
—S8 #+ —ST makes SELECTT # SELECT; Section 6.5 therefore uses its general form, with both U,
and Uz.

On a periodic square the matrix is a Kronecker sum, and with S, = S® I, S, = I ® S the

five-point operator is
Al — S, — Sl — 5, — S}
Aber — : hg Yy (6.15)
This is an LCU of five unitaries with coefficient sum « = 8/h2. Three selector qubits hold the five
labels, and PREP prepares %|0> + %(H} +12) +3) + |4)). The weights are 3 for the identity and

% for each of the four shifts. Again o = ||AYEr||. For d dimensions the same constructlon gives

4d

= (6.16)

d
dng:hlg (2I-S,-8)), a=

with 2d + 1 unitary terms, [logy(2d + 1)] selector qubits, and PREP amplitudes 1/1/2 on the
identity and /1/(4d) on each shift. The number of selector qubits grows only with logd, and the
grid size N enters only through the cost of the shifts, which is polynomial in log N. For anisotropic
spacings h, # h, the PREP amplitudes are the square roots of the absolute stencil coefficients,
and a = 4/h3 + 4/h2.

The nine-point operator (5.89) is an LCU of nine unitaries, among them the products 5,5y, and
has a = 20/(3h?) with four selector qubits. Here the encoding is not tight. At the highest frequency
Sy = Sy = —1 each of the four axis shifts contributes +4 and each of the four corner products
S.S, = +1 contributes —1, so the operator takes the value (20+16—4)/(6h2) = 16/(3h%) = |A“)].
The coefficient sum adds the absolute values, (204 16 +4)/(6h?), so /|| A|| = 5/4. A smaller ratio
would require a different decomposition.

An alternative route to the same matrix uses the DFT. Since AY®" = FTAF with F the quantum
Fourier transform and A the diagonal of eigenvalues, a block encoding is the product FT-A - F with
the diagonal A/||A|| encoded by a controlled rotation whose angle is computed from sin?(wk/N).
By (6.6) the normalization is ||A|| = 4/h2, the same as the LCU. The shift LCU needs no arithmetic
beyond a modular increment, whereas the spectral route needs trigonometric arithmetic but keeps
working for any circulant. This is the sense in which Section 5.14 calls a QFT a spectral encoding
of the Laplacian.

6.4.2 Boundary conditions

Dirichlet and Neumann matrices are the periodic matrix with the wrap-around terms deleted or
reflected. Work on a path with M = 2" nodes (a size that is not a power of two is padded, for
instance with an identity block or with dummy eigenvalues outside the spectral window of interest).
Let Iy = [0)(0], Ilepq = |M — 1)(M — 1|, and D = I —Il¢pq. The matrix SD maps |j) — |5+ 1) for
j < M —1 and sends |M — 1) to zero, so it is the shift without the wrap-around entry, with ones
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on the subdiagonal; its transpose is DST. The Dirichlet matrix of (5.76) is therefore

2 — SD — DST

Dir __
AP = 72

(6.17)

The diagonal projector D has an exact (1, 1,0)-block-encoding: add one flag qubit, initially |0), and
flip it when the node index equals M —1, that is Up = I® D+ Xfag ®Ieng. Then (0|Up|0) = D. The
product rule (6.6) makes SD and DS exact (1,1,0)-block-encodings (the shift needs no ancilla),
and the LCU of Section 6.3 with the same coefficients 2,1, 1 gives

4
:ﬁ’

a a=2+1, (6.18)
two selector qubits and one flag. The boundary correction costs one comparator and one ancilla,
and it leaves a unchanged. Since ||[APY| = (2 + 2cos(n/(M + 1)))/h? = (4 — O(h?))/h?, the
encoding is again tight up to a factor 1 + O(h?).

The Neumann matrix (5.97) differs from the Dirichlet one by half the diagonal at the two ends,
ANev = (2F — SD — DST)/h? with E = I — 1(Iy + Iepna). The diagonal matrix E has entries 3
at the end nodes and 1 elsewhere, so a flag rotation with cosine %, controlled on the node being
an endpoint, is an exact (1,1,0)-block-encoding of it. The data are again a = 4/h? and a = 3.
A Robin condition adds a diagonal term -y/h supported on the end nodes, a fourth LCU term
whose coefficient enters « additively. In each case the conclusion is the one stated in Section 5: the
boundary changes a constant number of entries, and the block encoding changes by one comparator.

6.4.3 General sparse access and variable coefficients

Constant-coefficient stencils are special in that A is a polynomial in a unitary. A variable-coefficient
or finite-element matrix is merely sparse. Assume at most s nonzeros per row and column, with
f(i,£) the column of the ¢th nonzero in row i (padded to length s), and assume coherent access to
the two oracles

Otoc [)0)|0) = [DIO]f(E,€)),  Ovar[§)|0)]0) = |i)|€)| A; s(i,0))- (6.19)

For finite differences these oracles are reversible arithmetic (f(i,¢) € {i — 1,4,7 + 1} and a stencil
weight); for finite elements they enumerate the elements that touch a basis function. Write A;; =
|Ajjle'% and choose a > max; >0 1Aij| and o > max; 37, |A;j]. On an enlarged space with a basis
i, 7) of nonzero positions (“edges”) define the isometries

) 1 . 1 )
Pli) = = > VAl 5) + /1= 235 1Al 14, L),

R

J: A #0
o N N : | (6.20)
Qlj) = 7o “AZ:#Oe Al 13, 5) + /1= 5 35 1Al | L, 4),
1:Aq

where the garbage states |i, L) and | L, j) are orthogonal to all edge states and to each other. The
only edge shared by P|i) and Q|j) is |i,j), so (i|PTQ|j) = Aij/a, that is PTQ = A/« [34, 35].

Each of P and () is implemented from a uniform superposition over £ = 0,...,s — 1, one call
each to Ol and Oyal, a controlled rotation whose amplitude is /|A; f(i7g)| /o, a phase rotation

¢, and an uncomputation of the value register. The crude bound o = s||A||max always suffices,
since each row has at most s entries of modulus at most || Al|max; the sharper choice above is the

maximum absolute row or column sum. For the tridiagonal matrix (6.17) the row sums are at most
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4/h?, against s||A||max = 6/h?, so the sparse construction reproduces the LCU normalization. For a
Hermitian sparse matrix a Hermitian block encoding with n+2 ancillas and the same normalization
is available [35]; this is the form the reflection argument of Section 6.5 uses.

A variable coefficient shows how the two views meet. Take —(a(z)u’) with a > 0 and the
three-point form of (5.91), where the weights are a;41/o = a(z; £ h/2) and S, ST act on vectors as
(Su)] = Uj—1, (STU)] = Uj+41- Then

1

A:h2

Ay +A- —ALST—A_S), Ay = diag(ajei/n)- (6.21)
A diagonal matrix with entries bounded by amax has an (amax, 1, €)-block-encoding: compute the
entry a;i1/2/amax into a register, rotate a flag qubit by the corresponding angle, and uncompute.
The product with S keeps the normalization by (6.6). The four terms of (6.21) form an LCU with
@ = 4amax/h?. The matrix is not circulant, and the DFT route of the previous section is lost, but
the block encoding costs no more than in the constant-coefficient case apart from one coefficient
oracle.

6.4.4 Resource summary

Table 6.1 collects the encodings of this section. In every row the cost of one use of U4 is a constant
number of shifts and rotations, hence polynomial in log N, while o = ©(h~2) grows with the mesh.
This is the point made in Section 5.14: a cheap sparse query does not by itself give a polylogarithmic
solver, because a polynomial of A/a must resolve a spectral window of relative width h2.

Operator terms subnormalization a ancillas
1D periodic, (6.13) 3 4/h? 2

2D periodic, five-point, (6.15) 5 8/h? 3

dD periodic, (6.16) 2d + 1 4d/h? [logy(2d + 1)]
2D periodic, nine-point, (5.89) 9 20/(3h?) 4

1D Dirichlet, (6.17) 3 4/h? 241

1D Neumann 3 4/h? 2+1

1D variable coefficient, (6.21) 4 4amax/h? 2+1

Table 6.1: Block encodings of stencil matrices as a linear combination of shifts. The columns give
the number of unitary terms, the normalization « (the coefficient 1-norm), and the ancilla count
(selector qubits, plus flag qubits for boundary or coefficient oracles). Only the nine-point row has
a > ||A]| beyond an O(h?) correction.

6.5 Qubitization

Given a block encoding U of A/a we want polynomials of that matrix in a block of a unitary.
The product rule does it with one new ancilla register per factor, and simply iterating U does
not do it: the top-left block of U? is (A/a)? plus a contribution from the off-diagonal blocks *
of (6.2). Qubitization is the observation that, after one reflection is inserted between uses of U,
the off-diagonal blocks cancel and the powers produce Chebyshev polynomials in the same ancilla
register [40, 35]. Below, the normalization is absorbed and A denotes the matrix with ||A] < 1,
that is A/« in the notation of the previous sections.
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6.5.1 Hermitian case: reflection and rotation

Let A= AT =3, \i|v;)(v;| with |\;| <1, and let U = U be a Hermitian (1, m, 0)-block-encoding,
as in (6.3). Put II = [0™)(0™| ® I and Z1y = 2II — I. By (6.4),

U 0™ o) = X 0™ i) + /1= A2| L),  TI| L) =0, (6.22)

for a normalized | L;) (when |)\;| = 1 the second term vanishes and the subspace below is one-
dimensional, with the statements true trivially). Because U? = I, applying U to (6.22) gives

U|Li) = /1= X[0™)]vi) = Ai| L) (6.23)

Hence the two-dimensional space H; = span{|0™)|v;),| L;)} is invariant under U, and the whole
space is a direct sum of such planes: each eigenvector of A is qubitized into its own qubit. In the

ordered basis, U and II are
1 0
Hi (() _1> : (6'24)

Ai V1= X2
Hi |/ : 2 ik Zm
' 1= =\
The first matrix is a reflection, which has determinant —1 and squares to the identity; this is why
UF just alternates between U and I and cannot produce a polynomial. The product of the two

reflections in (6.24) is a rotation. With \; = cos 6;,

cosf; —sinb; k coskf; —sinkb;
Hi (sin 0; cosb; > ’ 0 Hi sin kO; cos k0, (6.25)
Geometrically, Zy1 reflects across the axis |0™)|v;), U reflects across a line at angle 6;/2 to it, and
two reflections compose to a rotation by twice that angle (Figure 6.2). Since cos kf = Tj(cos0)

with T}, the Chebyshev polynomial of the first kind, the top-left block of OF on H; is Tj(\;), and
summing over i,

U

O :=

(0™ @ 1) OF (J0™) @ I) = ZTk ) [0:) (v;] = Th(A). (6.26)

Thus OF = (UZp)¥ is a (1,m, 0)-block-encoding of Ty(A), with the same m ancillas as U and with
k uses of U and k of Zj.

6.5.2 General block encodings

The block encodings of Section 6.4 are not Hermitian, so the reflection argument must be redone
with U and UT. Let U € BEy,,(A) for a general A = Y, o;|w;)(v;| with singular values o; € [0, 1],
written in the singular value decomposition. By (6.4) applied to U and to U' there are normalized
states | 1;) and | L}) in the kernel of II with

Ul0™) |vs) = 0|0 ) |w;) + /1 — O' | L), UT\OmeZ) = 0;]0™)|v;) + /1 — o 21 1) (6.27)

Then U maps H; = span{|0™)|v;),| L;)} to H: = span{|0™)|w;),| L5}, and UT maps H! back to
H;. In these bases both are the reflection matrix of (6.24) with A\; — o;, and Z = diag(1, —1) on
both planes. The product Ut ZnU Zy preserves H; and acts there as the square of the rotation in
(6.25), and repeating it k times gives, with o; = cos 6,

k = <Cf)s 2k0; —sin 2k9i> . (6.28)

T
(U ZHUZH) sin 2]{:92 COS 2k91
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‘ 07)vi)
Ty (Ni) |tho)
Figure 6.2: The plane H; for an eigenvalue A\; = cos#; of A, with |¢)p) = |0™)|v;). Each use of
O = UZp rotates the state by 6;. The component along [¢)y) after k steps is cosk; = T(\;),
shown for k = 2.

Collecting the planes,
(U ZaU Zn)* € BEL o (TSY (A)),  UZn(U'TZnUZn)" € BEm (TS, 1 (A)), (6.29)

where, for a polynomial p of definite parity, the singular value transformation is defined by [35, 23]

ZP(Ui) lw;)(vi], p odd,

SV A) =
P Zp(ai)\vi)@i], p even.

(6.30)

The case Ty, uses 2k queries to U and UT, and Tyy 1 uses 2k 4+ 1. If A = AT the singular value
transformation reduces to an eigenvalue transformation: T}, has the parity of &, so Ty (|A|) sgn(\)F =
Tp(A\) and TPV (A) = Ty (A) for every k. For the Hermitian reflection of the previous subsection
(6.26) is recovered. The reflection Z1 = (2|0™)(0™| — I,,,) ® I,, is a phase flip on all states of the
ancilla register except |0™), a multi-controlled Z gate on m qubits. It costs O(m) gates and one
working qubit. Qubitization therefore adds nothing to the ancilla count of U except that qubit, in
contrast with the product rule, whose ancilla count grows linearly in the number of factors.

6.5.3 Example: the periodic Laplacian

Take U of Section 6.4.1 with normalization a = 4/h2, so that the normalized matrix is A =
h2APer /4 with Fourier eigenvectors |fi) and eigenvalues sin?(7k/N) € [0,1]. The singular values
of A coincide with these eigenvalues, since A s positive semidefinite, and each Fourier mode spans
its own plane Hj with the angle

. oyTk 4
cos B, = sin (F)’ A = 73 €S 0. (6.31)
By (6.29) the circuit (UEZHULZH)j acts on |fg) with block cos(2j6x) = Ty;(sin?(rk/N)). The
quantum walk UzZHU .71 has eigenvalues e*?%  so the discrete Laplacian spectrum has been
turned into phases; this is what Low and Chuang exploit for Hamiltonian simulation [40]. The two

ends of the spectrum behave differently. The Nyquist mode has cosf = 1, § = 0, and is a fixed
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point of the rotation. All smooth modes sit at cosf, ~ (wkh)? ~ 0, that is 0, = /2 — O(h?),
within O(h?) of the same angle. Because Tj(z) = cos(j arccos z) varies by about j dz near z = 0,
resolving A-eigenvalues of size sin?(r/N) ~ (wh)? requires degree j = Q(h~2) = Q(x). This is the
quantitative form of the statement that a QSVT inverse filter for the Poisson matrix needs 6(/{)
queries (Section 9.4).

6.5.4 Why qubitization is the generic structure

It may seem a coincidence that an arbitrary block-encoding unitary splits into 2 x 2 blocks. It is
not. The cosine-sine (CS) decomposition states that any unitary V € CP+9*#+49) with ¢ > p can

be written
c S 0 t
vz<w(§1 Vg) S —C 0 (‘g 3) (6.32)
2J\o o I, 2

with W7, Vy € CP*P and Wa, Vo € C7%7 unitary, and C' = diag(cos 6;), S’ = diag(sin ;) nonnegative
diagonal [35]. The top-left block of V' is WlCVIT, which is the singular value decomposition of the
encoded matrix, with singular values cos #;. The middle factor, after a permutation, is a direct sum
of the 2 x 2 reflections in (6.24), and Zyj is a direct sum of diag(1,—1). Because Zp is diagonal
in the ancilla register it commutes with the outer unitary factors diag(W1, Ws) and diag(V4, Va),
which is why the construction does not need to know them. This is also why Z1; cannot be replaced
by a Pauli X or Y on the ancilla.

6.5.5 Chebyshev series and what comes next

Qubitization yields one Chebyshev polynomial per use, T5;(A) in a block of OF. A polynomial of
A is a combination of such blocks, so the LCU rule of Section 6.3 applies. For an even polynomial
f(A) = K ey To(A) with K = 29, take SELECT = Y, |k) (k| @ Uay, with Usy, € BEq  (Tox(A)).
Implemented naively, SELECT would need Y;, 2k = O(K?) queries. Writing k = (ka/—1 -+ ko)2
in binary and applying the powers (UTZnU Z11)?’ controlled on bit k; reuses the blocks and needs
2K —2 queries in total, the cost of the single term T 5 [35]. With PREP built from the coefficients
¢x the result is a (||¢||1, m + a’)-block-encoding of f(A). Two limitations explain why the report
moves on to QSVT in Chapter 7: the normalization is the Chebyshev ¢! norm ||c[/; and not one, and
the selector needs a’ = O(log K) extra qubits. Replacing Zp; by a phase €l%i%11 at each step, with
the angles ¢; chosen by quantum signal processing, produces an arbitrary polynomial of degree K
of definite parity with the normalization one and no selector register, in K queries [23].

The quantum-walk eigenvalues e*2% from (6.28) also have two uses that appear in the next
chapters. Phase estimation applied to W = UTZnU Zy1 recovers 6;, hence \; = « cos 6;, which is the
eigenvalue oracle that HHL needs without any Hamiltonian simulation (Section 9.3). The Jacobi-
Anger expansion of e~ in Chebyshev polynomials turns the qubitized walk into a Hamiltonian
simulation of e with O(at + log(1/¢)/loglog(1/¢)) steps [40]; this is the subject of Chapter 8.
The pipeline of the report is now visible: Section 6.4 converts a PDE stencil into (a, a); qubitization
converts (o, a) into Ty (A/«); Chapter 7 converts those into any polynomial; and Chapters 8 and 9
use the polynomials for e 4 and A~!.
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Chapter 7

Quantum signal processing and
singular value transformation

Quantum signal processing (QSP) implements a polynomial of a scalar signal by a product of
single-qubit rotations. Quantum singular value transformation (QSVT) lifts that construction to
a block-encoded matrix, realizing a polynomial p(A) (or a polynomial of the singular values of a
general A) [23, 35, 34].

This chapter develops the tool. Three matrix functions used later are mentioned only as targets,
not as PDE solvers:

o inverse filters p(x) ~ 1/z (QLSP, Sec. 9.4);

o exponential filters p(z) ~ e~ (heat semigroup);

« oscillatory propagators p(z) ~ e ** (Hamiltonian simulation).

On Hermitian (or normal) spectra these polynomials are real-line surrogates of the Cauchy integral
that defines f(A) in Sec. 11. Linear combination of Hamiltonian simulation (LCHS) and variational
linear solvers (VQLS) are not treated here; they belong to Secs. 10 and 16.

The argument has three layers. In Chapter 6 a block encoding U and the reflection Zij split the
space into planes, one for each singular value o; = cos#; of the encoded matrix, and the product
UZ1 acts on every plane as the same 2 x 2 rotation by 6;. Section 7.1 studies that rotation as a
one-qubit problem: if free phases are inserted between d uses of the rotation, which polynomials of
the signal o; can appear in the matrix, and how are the phases found? Section 7.2 puts the planes
back, so that one set of phases acts on all singular values at once, and gives the circuit and its cost.
Section 7.3 collects the polynomials that the later chapters ask for, with their degrees.

7.1 Quantum signal processing

7.1.1 The signal rotation and the phase sequence

Write a signal x € [—1,1] as x = cos € with 6 € [0, 7] and let

Ole) = <\/1i7 L xQ) = e (7.1)

be the signal rotation, with Y the Pauli matrix. This is the matrix O of (6.25) with x in place of
\; or 0, and (6.26) says that its power O(z)* = O(cos kf) has the Chebyshev polynomial Tj(z) in
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the top-left entry. The signal x is given and cannot be changed. What can be chosen is a phase
gate ¥ = diag(e'?, e71¥) between the uses of O(x). A QSP sequence of length d with phases
® = (¢o,...,pq) € R s

Up(z) = €'¥0% ﬁ (O(z) €¥i%) = P02 O () %1% O(x) - - - O() P47 (7.2)
j=1

and it uses the signal d times.

With all phases zero the sequence is O(x)? and its top-left entry is Ty(x). The phases turn
this single polynomial into a family. For d = 2 a direct multiplication gives the top-left entry
ei(‘*g0+‘p2)(2 cos 1 2% — e7¥1), which equals Ty(x) = 222 — 1 for ¢1 = 0 = o + o and is the
constant ie!(#0t%2) for o =7 /2. Two questions follow. Which polynomials arise, and for a wanted
polynomial, which phases produce it? The first has a complete answer. Write s = V1 — 22, let
P denote the polynomial with complex-conjugated coefficients, and call a polynomial even or odd
according to its parity 0 or 1.

Structure theorem [23, 35]. A matrix-valued function U(z) equals Ug(z) for some ® € R+ if

and only if
—Q(x)s
Qa)s  Pla) ) (73)

for polynomials P, Q € C[z]| with
1. degP < dand deg@ < d — 1;
2. P has parity d mod 2 and @ has parity (d — 1) mod 2;
3. |[P(@))?+ (1 —2?)|Q(z)]? =1 for all x € [—1,1].

Necessity. For d = 0 the matrix is €/¥°Z  which has the form (7.3) with P = €0 and Q = 0.
Suppose the product of the first j —1 signal rotations has the form (7.3) with the pair (Pj_1,Q;j-1).
Multiplying from the right by O(x)el?iZ gives the same form with

P; = ei¥i (zPj_1 — (1 — xQ)Qj_l), Q; = elPi (2Qj—1 + Pj_1). (7.4)

If P,_; and @;—1 have degrees at most j — 1 and j — 2 and parities j — 1 and j — 2, then the
right-hand sides have degrees at most j and j — 1 and parities 7 and 7 — 1: multiplication by x and
conjugation-and-swap each flip the parity, and the factor 1 — 22 preserves it. Condition (iii) says
that the first column of the unitary Us(x) has norm one.

Sufficiency follows by stripping one factor. For d = 0 the conditions force @ = 0 and |P| =1,
so P = ¢%0. Let d > 1 and let pg and gg_1 be the coefficients of z¢ in P and of ¢! in Q. The
coefficient of #2¢ in (iii) gives |p4| = |g4_1]. If both vanish take ¢4 = 0; otherwise choose ¢4 with
e?%d = p;/G,_1, a number of modulus one. With (Py, Q1) = e %4(P, Q) define

P,:.Z‘Pl—l—(l—aj‘Q)@l, Q,:l‘Ql —Fl. (75)

This is the inverse of (7.4), so U = U’ O(x)el?¢?, where U’ is built from (P’,Q’). The choice
of ¢4 cancels the coefficient of z4*! in P’ and of 2¢ in @', and the parities then give deg P’ <
d—1 and deg Q' < d — 2 with the right parities. Condition (iii) holds for (P, Q") because U’ =
U (O(z)el®4?)~1 is again unitary with determinant one, which forces the form (7.3). By induction
U' = Ug with ® = (¢, ..., p4-1)-
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Real targets. Applications specify a real polynomial F' and read out the real part of P. If
F € Rz] has degree at most d, parity d mod 2, and |F| <1 on [—1,1], then there are phases with
Re Py = F [23]. To see this, note that 1 — F? is even and nonnegative on [—1,1], so 1 — F(z)? =
r(x?) with 7 > 0 on [0,1] and degr < d. A polynomial that is nonnegative on [0,1] is a sum
r(y) = a(y)? + y(1 — y)b(y)? for even degree and r(y) = ya(y)? + (1 — y)b(y)? for odd degree with
real a,b (Lukécs). Substituting y = 22 gives real polynomials A, B with

1 - F(z)? = A(z)? + (1 — 2*)B(x)?, (7.6)

where A has degree at most d and parity d mod 2, and B has degree at most d — 1 and parity
(d—1) mod 2. Then P = F+iA and Q = B satisfy (i)-(iii) since |P|? = F?+ A2, and the structure
theorem supplies ®. The imaginary part A is a completion: it is not prescribed, and different
completions give different phase sequences for the same F'.

7.1.2 Phase factors in practice

Two conventions are in common use. The one above, with the real rotation O(x), matches the
qubitization of Chapter 6. Much of the algorithmic literature [35, 54] uses instead the X-rotation
W (z) = etarecos(@)X and reads out Im[UY ]11. Since O(x) = /4 W (z) e ™4/ the two sequences
differ only at the ends. If a W-sequence ®"V has Im[Uyy]11 = F, then ® = (of/ —7/2,01", ..., o})
is an O-sequence with Ug = e_i”Z/4U<II;VW e 1mZ/4 whose top-left entry is —i[Ugév]llv so that Re Pp =
F. A third, circuit-level, convention appears in Section 7.2.2. Table 7.1 collects them.

signal operator target phases
O (this report) | O(z) = e~ Tarccos(@)y Re[Ug|11 = F matches U Zy; of Chapter 6
W (solvers) W (z) = etarocos(@)X Im[U{' 11 = F symmetric, gp}fv = 90}?:]»;
0§ = o/ — 5, else equal
C (circuit) U; without explicit | ReP via a signal gojc = ¢ + (-1,
Zn qubit Eq. (7.12)

Table 7.1: Three phase conventions for the same polynomial F'. Only the phases at the ends and
the shifts +7/2 differ.

A constructive proof of sufficiency is the recipe “find the completion A of (7.6), then strip
layers by (7.5)”. Run in floating point it is unstable, and the working precision must grow with
d [24, 35]. Practical solvers avoid it. Requiring the symmetry ga}’v =W ; removes the freedom in
the completion and leaves d = [(d 4 1)/2] unknown reduced phases ®F, the same number as the
Chebyshev coefficients ¢ € R? in F' = 3", ¢, T} of the definite-parity target [54, 35]. Let JF be the
map from reduced phases to the coefficients of Im[U"];;. It sends 0 to 0 and its Jacobian at 0 is
21, so the fixed-point iteration

R — o) _ L(F(@RO) ), RO =, (7.7)

is Newton’s method with the Jacobian frozen at the origin. It converges geometrically to one
solution when ||c[[; < 0.861 [18], and this condition is sufficient, not necessary. For targets that
violate it, optimization-based solvers are used [20, 19]. One evaluation of F costs O(d?) operations
by running the recursion (7.4) at the d+1 Chebyshev nodes, so finding the phases takes polynomial
time in d. It is done once, classically, for each target polynomial.
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7.1.3 Target polynomial synthesis via convex optimization

The fixed-point iteration (7.7) takes the Chebyshev coefficient vector ¢ € R? of an admissible
polynomial F'(z) and finds the phase factors ®. In applications, however, the target function g(x)
is often specified only on a subinterval I C [0,1] (for example, I = [1/k, 1] for matrix inversion in
Section 7.3.4), whereas QSP requires F' to satisfy the global admissibility constraint |F'(x)| <1 on
the entire signal domain [—1, 1].

Following Lin and Wiebe [35], the optimal coefficient vector ¢ = (cg,...,cg ;) € R? can be
obtained by solving a min-max convex optimization problem. Let A;(z) = Ty;(x) if d is even and

Trj4+1(x) if d is odd, so that F(z) = Z;?;(l) c;jAj(x) automatically satisfies the parity constraint. To
ensure that |F'(x)| <1 — 7 strictly holds on [0, 1] (with safety margin n > 0) while minimizing the
uniform approximation error on I, one solves

min z
ceR, 2>0
: - (7.8)
subject to  |F(x) —g(z)| <z, Vxel,

Discretizing = over a fine grid in I and [0,1] \ I turns (7.8) into a standard linear program (LP).
The optimal ¢ obtained from the LP satisfies the norm constraint and can then be converted into
phase factors ® via the fixed-point iteration (7.7) or unconstrained optimization [20]. This cleanly
separates the problem of polynomial approximation from the problem of phase-factor synthesis.

7.1.4 Example: a cubic

Take F(z) = 0.2T1(x)+0.4 T3(x) = 1.623 —z. Tt is odd of degree 3, and || F||oc = |F(£1)| = 0.6 < 1,
while its interior extrema are +0.304 at © = F0.456. Started from zero, the iteration (7.7) reaches a
residual below 10~ in 19 steps and returns the symmetric W-phases (0.2086, 0.1132, 0.1132, 0.2086).
The O-sequence with Re P = F' therefore has the phases

d = (—1.3622, 0.1132, 0.1132, 0.2086). (7.9)

Figure 7.1 shows P and v1 — 22 |Q)| for these phases. The real part is the target F'. The imaginary
part is the completion A of (7.6), and it is large exactly where F' is small: at z = 0 one has P =0,
and at = 1 one has P = —0.3 4+ 0.9541, so that |P| ~ 1 and @ ~ 0. The three curves satisfy
(Re P)?2 + (Im P)? + (1 — 22)|Q|* = 1, which is condition (iii).

7.2 Quantum singular value transformation

7.2.1 From the qubit to the matrix

Let U € BEj ,(A) with singular value decomposition A = Y, o;|w;)(v;|, and let II, Z and the
planes H;, H. be as in Section 6.5.2. In the bases fixed there, U on H; and Ut on H) are both
the reflection matrix of (6.24) with \; replaced by o;, and Zy; = diag(1,—1) on both planes.
Consequently U Zyy (from H; to H}) and U T 711 (from H); to H;) are in these bases the signal rotation
O(0;) of (7.1), and %1 is the phase gate ¢¥Z. Replacing O(z) in (7.2) by U;Zn therefore defines
the QSVT sequence

d .
~ U  d-—
{ , j even, (7.10)

QSVT _ ipoZn g Zn o
e jHl(UJZHeJ S U
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Figure 7.1: Quantum signal processing for F(z) = 1.62® — z with the phases (7.9). The real part of
P is F (circles mark values of F'); the imaginary part and v/1 — 22 |Q| complete the unitary matrix
(7.3), and the squares of the three curves sum to one.

The unitaries U and U' alternate, and U is applied first.
Theorem (QSVT) [23, 35]. For every ® € R+,

(0@ DUV (0™ @ 1) = PV (A), (7.11)

where Py is the polynomial of (7.3) and PSV is the singular value transformation (6.30).

Proof. The input |0™)|v;) is the first basis vector of #;. On the planes U§SVT acts as the 2 x 2
matrix Ug(o;), and the output lies in H; for even d and in H) for odd d, with first basis vector
|0™)|v;) or |0™)|w;) respectively. The matrix element between them is the top-left entry Py (o;).
Summing over i gives >, Pg(0;)|v;)(v;| for even d and >, Pg(0;)|w;)(v;]| for odd d, which is (6.30).
O

The theorem is the reason for the structure of this chapter. The same d+ 1 phases act on every
plane, so they do not depend on A, on its size, or on its singular vectors, which the algorithm never
needs to know. The ancilla count is that of U, and the query count is d. What remains is to make
the circuit implementable and to read out a real polynomial.

7.2.2 The circuit

The sequence (7.10) contains Zyy between ﬁj and the phase gate, and its top-left block is the
complex polynomial Pg. Two modifications repair both points. The first removes Zp by shifting
the phases. Because Zpe'¢4n = —jel(etm/2)Zn — jeile=7/2)Zn  ysing the first form for odd j and

. . ~ ¢ . . . .
the second for even j turns every factor into Uj;e'?s 711 times the constant —i or i, with

. —m/2, dodd
oS =i+ (-T2 (1< <a), @cz{% T/ dodd, (7.12)

2 T ’ 0, d even.

The constants alternate and cancel in pairs. For odd d one factor —i is left, and it is absorbed into
; . . ~ ..C

¢S because —iel?0Zn = Zyelvo=7/2)Zn and 117y = 1. The operator Vg = €96 Zn H?:l (U;e'¥s ZH)

has therefore the same II-block (7.11) as U§SVT.
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The second modification produces the real part. Add one qubit, the signal qubit, and replace
every €%ZI by the controlled rotation

CR(p) = CuNOT (e7%Z ® I) CgNOT = #7971 = |0)(0| ® 971 4 [1)(1| @ e 21 (7.13)

where CpNOT flips the signal qubit when the ancilla register is in |0™), an m-controlled NOT. On
the signal state |0) the resulting circuit applies Vg, and on [1) it applies the sequence with all phases
negated. In every plane the matrices of ﬁj and Zp are real, so negating the phases conjugates the
2 x 2 matrix, and the top-left entry of the second branch is Pp. Hadamard gates before and after
average the two branches, which gives the real part.

0) - B — — "

oy ——  H U H Mo 5 L

Figure 7.2: Circuit for (Re Py)V(A). Time runs from left to right. The upper wire is the signal
qubit; the lower wire stands for the m ancillas of U and the system. Each tall box is the controlled
rotation CR((p]C) of (7.13), acting on both wires. The circuit has d uses of U or UT (alternating,

with U; = U for odd d and U for even d) and d + 1 rotations; the block with the signal qubit and
the ancillas in [0)|0™) is (Re Pp)5V(A).

Corollary (QSVT circuit) [23]. Let U € BE; ,(A) and let F' € R[z] have degree at most d,
parity d mod 2, and |F| < 1 on [—1,1]. If ® has Re Pp = F (Section 7.1.2), then the circuit of
Figure 7.2 with the phases (7.12) is a (1, m+ 1)-block-encoding of the singular value transformation
FSV(A) of (6.30), with output vectors |v;) for even F and |w;) for odd F. Tt uses d queries to U
and UT, d + 1 gates CR, and two Hadamard gates. Each CR costs two m-controlled NOT gates
and one single-qubit rotation, that is O(m) elementary gates. Compared with the product rule of
Section 6.2, which needs a new ancilla register for each factor, the only addition to the m ancillas
of U is the signal qubit.

7.2.3 Hermitian matrices, mixed parity, and robustness

Hermitian matrices. If A = A" has eigenvalues \;, then |w;) = sgn(\;)|v;) and o; = |\;|. For a real
F of definite parity F'(o;)sgn(\)? = F(\;), so F5V(A) = F(A) and QSVT becomes an eigenvalue
transformation.

Mized parity. A real polynomial p with [p| < 1 on [—1,1] splits as p = p. + p, with p.(z) =
2(p(z) + p(—2)) and p,(z) = 3(p(z) — p(—x)), and [pel, |po| < 1. For Hermitian A the LCU rule
of Section 6.3 with weights 1,1 combines the two circuits into a (2, m + 2)-block-encoding of p(A).
If the two degrees differ by one, the shorter circuit is the beginning of the longer one, so the two
share their queries, and the combined circuit needs d queries to U and UT and one controlled use of
U or U for the last factor of the longer circuit [35]. The factor 2 is the price of the missing parity;
whether it can be reduced depends on p.

Robustness. The circuit is a product of d factors U 7 and d+ 1 phase gates, all unitary, so errors
add. If each [7]' is replaced by a unitary within §, the result moves by at most dd in operator norm,
and if each phase is off by 1 it moves by at most (d + 1)n. If instead U encodes a matrix A with
|A—A| < ¢, the perturbation theory of singular value transformations bounds ||FSV (4)—FSV(A)|
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by the Lipschitz constant of F' times € and a polylogarithmic factor in 1/€' [35], and the Lipschitz
constant is at most d? by Markov’s inequality for |F| < 1.

Variants. The construction extends to projected unitary encodings A = IIUTI with different
projectors on the two sides, to rectangular A, and to controlled versions, by replacing Z1; with Z=
at alternate steps [23]. Table 7.2 summarizes the resources used in this report.

target result queries to U, UT ancillas beyond m
FSV(A), F real, definite parity, BE1 m+1 d 1
degFF'=d

p(A), A= AT, p real of mixed par- | BEg,, 2 | d and one controlled U 2

ity, degp = d

A? by the product rule (Sec- | BEjgm d (d—1)m
tion 6.2)

Table 7.2: Resources of QSVT for a degree-d polynomial. The last row is the cost of the monomial
z¢ by the product rule, for comparison.

7.3 Example targets: inverse, exponential, and oscillatory filters

Sections 7.1 and 7.2 reduce “apply f(A)” for a block-encoded A with spectrum in [—1,1] to three
steps: find a real polynomial p of definite parity (or two of them) with [p| < 1 on [—1,1] and
|[p — f| < € on the spectrum; compute its phases; run the circuit with d = degp queries. The cost
is d times the cost of one query, times the amplification that undoes the subnormalization of the
output. All the mathematics of “which function, which accuracy” sits in the first step. This section
records what that step gives for the three functions named at the start of the chapter.

7.3.1 Chebyshev expansions and the Bernstein ellipse

The tool for step one is the Chebyshev series, which is a Fourier series in disguise. Put z = cos#,
so that 6 — f(cosf) is even and 27-periodic, and expand

f(z) =ap+2 Z apTy(x), ap = %/ flcosB) e 0 dg = 1/ f(cosO)coskfdl, (7.14)
k=1 - TJo

where T}, and its orthogonality (5.47) are those of Sections 3.5.2 and 5.4. Since |T}| <1 on [-1,1],
the truncation fq = ap+2> ;<4 arT) has supremum error at most 2", 4 |ax|. How fast aj, decays
is a question about analyticity, and Cauchy’s integral formula answers it.

For p>1let E, = {3(w+w™!) : |w| = p} be the ellipse with foci £1 and semi-axes (p=+p~!)
(the Bernstein ellipse). Suppose f is analytic in the closed region bounded by FE, with |f| < M
there. The function g(w) = f(5(w + w™')) is analytic on the annulus p= < |w| < p, it satisfies
g(el%) = f(cos#), and its Laurent coefficients are the ay, of (7.14), with a_j = ag. Cauchy’s estimate
on the circle |w| = p gives

_2Mp_d
- —

k| < Mp™",  |If = falle <2M Y pF

(7.15)
P
k>d

This is the standard estimate for Chebyshev series [52]. The size of the coefficients is thus controlled
by the growth of f on ellipses around the interval, and the rate by the nearest singularity: this
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is the sense in which the polynomial surrogates of Sec. 11.9 inherit their quality from the Cauchy
integral. For an entire function every p is allowed, and the best p balances M (p) against p~*. The
two entire functions below show the two typical outcomes.

7.3.2 Oscillatory filters

Hamiltonian simulation of H with ||H|| < « asks for e77% on [~1, 1] with 7 = at. The function has
modulus one on the real line and modulus e™ ™% off it, so on E, with p = e® one has |f| < e75nhs
and |ag| < exp(rsinhs — ks) for every s > 0. For k < 7 the exponent is minimal at s = 0
and the bound is 1: no decay. For k = 7(1 + 1) with small » > 0 the choice s = /2n gives

lak| < exp(—%wf)’/ 2). The bound shows no decay for k < 7, and beyond that the coefficients fall

faster than any exponential, over a window of width of order 7'/3. Equating the exponent with
—1In(1/€) gives the degree

d~7+1.047Y3m%53(1 /). (7.16)

The coefficients themselves are Bessel functions. The Jacobi-Anger expansion [43] reads
. o
e = Jo(1) + 2 (=) Ji(7) Ti(2), (7.17)

with Ji the Bessel functions of the first kind (Section 3.5.5). Taking real and imaginary parts, the
target splits into an even and an odd polynomial, each of definite parity and bounded by one,

cos(Tx) = )+ 2 (1) o (1) Tow(z), sin(rz) =2 (=1 Jopi1 (7) Topga (z),  (7.18)
k>1 k>0

which are the two polynomials to which QSVT is applied in Section 8.3. The exact tail 23", 4 |Jk(7)]
gives the degrees of Table 7.3. For € = 1079 the excess of the degree over 7 is 12, 25, 54 and 116
for 7 = 10,102, 103,10%, which grows by about 10%/3 per decade as (7.16) predicts; that formula
overestimates the excess by about ten percent.

7.3.3 Exponential filters

The heat semigroup of a positive semidefinite A with |[|[A]| < «a is e = 777 evaluated at

x = A/a € [0,1], with 8 = at. Directly, e #® has no parity, and the even extension e ??| has
a kink at the origin, which polynomials resolve only slowly. The way out is to move the interval:
with y =1 — 2z € [-1,1],

t
eiﬁx = eiz(liy) = efzezy7 z = g = Oli (719)

which is smooth in y. It asks for a block encoding of y = I — 24/« instead of A/«, and for the
stencil matrices of Chapter 6 this is free. The periodic Laplacian satisfies APe" = %(I — H') with
the averaging (Jacobi) operator H' = (S + S), and H’ is the two-term LCU of S and ST, a
(1,1)-block-encoding with a single selector qubit. With o = 4/h? the parameter is z = 2t/h?,
which is the number of explicit Euler steps t/k at the stability limit k = h%/2 of (5.131) for unit
diffusivity. In d dimensions H' is the average over the 2d neighbours, o = 4d/h? and z = 2dt/h?.
On E, with p = 147 one has [e™*(17%)| = e2(Rew=1) < oxp(2(p—1)2/(2p)). The coefficients are
ar, = e *I(z) with the modified Bessel functions Iy, from the generating function e(z/2)(utl/u) —
Sy Ii(2)u¥ [43]. The estimate (7.15) gives |ag| < exp(zn?/2—kn) to leading order, which is smallest
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at n = k/z and equals e~**/(22) " The coefficients are therefore Gaussian from the start, with no

plateau, and the degree is
d =~ /2z1n(1/e). (7.20)

Table 7.3 lists the exact values. A dissipative semigroup can be fast-forwarded in this sense: the
degree grows as \/z against the z explicit steps. The function e~*(=%) has no definite parity, so
Section 7.2.3 applies: e ?cosh(zy) and e *sinh(zy) are run separately and combined by LCU,
which gives a (2, m + 2)-block-encoding of e t4. Section 8.5 returns to what this does and does not
provide for the heat equation.

e 7 parameter T e—*(1=Y) parameter z
e=10"2 107 1072 | e=10"3 1076 10712
10 17 22 30 11 17 26
102 115 125 142 33 49 73
103 1031 1054 1090 104 155 226
104 10067 10116 10193 329 489 713

Table 7.3: Smallest degree d with 23", ,|ax| < €, where ay, = (—i)*Ji(7) for the oscillatory filter
and ay = e *Ij(z) for the exponential filter. The oscillatory degree is about 7 plus a slowly growing
excess; the exponential degree scales as 1/z.

7.3.4 Inverse filters

The function 1/x is singular at the centre of the interval, and the Bernstein argument does not
apply to it directly. The solution of Childs, Kothari and Somma [14] is a polynomial that agrees
with 1/z away from the origin and is regular at the origin. For an integer b let

_ 1—(1—2%)? :xl)il(l_x2)j' (7.21)

J=0

fo()

X

It is an odd polynomial of degree 2b — 1. For x~! < |z| < 1 one has |fy(z) — 1/2| = (1 —
22)?/|z| < ke P/%° which is at most € for b = x2In(k/€). Its Chebyshev coefficients are explicit,

fo(x) = Z?;:} c2j+1T2j41(x) with

EUTERVIR SN (f)
C2j+1 = 4(_1) Z 4b (722)
i=j+1

and they decay like a Gaussian in j/v/b. Truncating at j < D = [/bIn(4b/€)] changes f;, by at
most €, so the polynomial has degree 2D + 1 = O(klog(k/¢€)). This count is the quantity entering
the QLSP of Chapter 9.

The bound [p| < 1 needs a normalization. Near z = ¢/v/b one has f, ~ Vb(1 — =) /e,
whose maximum over c is 0.638vb at ¢ ~ 1.12, so max |f,| =~ 0.638 x+/In(k/¢). The polynomial
p = fi/(Br) with 8 ~ 0.64+/In(x/€) is bounded by one and approximates 1/(Sxz). Table 7.4 shows
that A is about 2 for x < 100 and € = 1072 but grows with x/e. Polynomials with 3 = O(1) and
degree O(klog(1/e€)) exist [23], and they can be found by convex optimization with fewer queries
than the plain truncation. For k = 5 and 8 = 2 an odd polynomial of degree 41 bounded by one
on [—1,1] has Bkp within 1.2 x 1073 of 1/ on [1/k,1], and degree 61 gives 2 x 107°, against 75
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il —  N(@)/(Br)
0.75 |- ---1/(Brz), x > 1/K
0.5} |
0.25 |
% 0.2 0.4 06 0.3 ]

T

Figure 7.3: The polynomial (7.21) with b = 200, divided by gx =10 (k = 5, 8 = 2), together with
the target 1/(Skz) on [1/k,1]. The polynomial has degree 399, is bounded by 0.904 on [0, 1], and
Bk times it approximates 1/z to within 1.4 x 1073 for = > 1/x.

K b | degree 2D + 1 | smallest degree reaching € | max |g|/k

) 213 109 75 1.87
10 922 239 163 1.94
20 3962 515 357 2.01
50 | 27050 1417 1061 2.10
100 | 115130 3033 2121 2.17

Table 7.4: The truncated polynomial g of (7.21) for e = 1073, with b = [k?In(k/€)] and D =
[v/bIn(4b/e)]. The last two columns give the smallest odd truncation degree with error at most €
on [1/k,1], and the ratio max ;) |g|/#, which plays the role of 3.

for the truncation at e = 1073. Figure 7.3 shows the shape: the polynomial follows 1/(8kz) for
|z| > 1/k, bends over below it, and returns to zero at the origin as an odd function must.

The linear dependence on x cannot be avoided by a better choice of polynomial. Suppose p is
bounded by one on [—1, 1] and within ¢ of 1/(8kz) on [1/k,1]. Between x = 1/k and = = 2/k the
target drops from 1/ to 1/(23), so by the mean value theorem |p/(£)| > n(% — 2¢') for some £ €

(1/k,2/K). Bernstein’s inequality |p/(£)| < d//1 — &2 for |p| < 1 gives d > @f{(%—%’) = Q(k/B)
for k > 4 and ¢ < 1/(453). The sign function is the other standard target. It is approximated on
[~1,—6] U[6,1] by an odd polynomial of degree O(§~11og(1/¢)) built from the error function [35],
and it gives projectors onto spectral windows. It is not needed in this report.

7.3.5 Summary

Table 7.5 lists the three targets with the structure that decides their cost: the part of [—1,1]
on which the approximation is needed, the parity, the degree, and the chapter that uses them.
The oscillatory filter costs a degree linear in 7 = at plus a lower-order term, and the linear
dependence cannot be improved (Chapter 8, no-fast-forwarding theorem); the exponential filter
costs /7 log(1/€) because the semigroup damps high frequencies; the inverse filter costs x because
it must resolve the smallest singular value.
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target needed on | parity degree used in

cos(tx), sin(rz) | [—1,1] even, odd 7+ O(7Y310g?3(1/€)) | Chapter 8

e—*(1-v) [—1,1] none (split) | O(y/zlog(1/e)) Sec. 8.5, Chapter 14
1/(Bkz) [1/k,1] odd O(klog(k/¢)) Chapter 9

Table 7.5: The three polynomial targets of this chapter.
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Chapter 8
Hamiltonian simulation

Hamiltonian simulation implements e~** (or a related semigroup) given a block encoding or a
sparse description of H. In this report it sits after block encoding and QSP/QSVT, because those
are the primitives from which modern simulation algorithms are built [8, 40, 35].

Simulating quantum dynamics was the original motivation for quantum computers [22]. Through-
out, H = H' acts on n qubits, and the input is either a description of H as a short sum of terms
whose exponentials are easy, or a block encoding Uy € BE, ,,,(H) in the sense of Chapter 6. Given
a time ¢ and an accuracy ¢, the task is a circuit W with ||[W — e H|| < ¢, or a block encoding
It of that accuracy. The cost is counted in queries to Uy and UIT_I7 or in exponentials of the
—iHt — o—i(H/a)at the normalization

of e”
terms, together with the extra gates and ancilla qubits. Since e
can be absorbed into the time, and the cost depends on H only through the dimensionless product
T = «at.

Two lower bounds frame what follows. The first is the no-fast-forwarding theorem: for a
generic sparse H any algorithm needs Q(7) queries [8]. Unitary evolution cannot be compressed
in time, in contrast with the heat semigroup of Section 7.3.3. The second concerns precision:
Q(log(1/€)/loglog(1/€)) queries are needed even for short times [10]. An algorithm is optimal if
its cost is O(7 + log(1/€)/loglog(1/€)), and Section 8.3 shows that this can be attained.

The generators that appear in this report are collected in Table 8.1. They come from the
periodic stencils of Chapter 5 and are written with the cyclic shift S, the central difference Dy =
(ST —S)/(2h), and the Laplacian A" = (2 — S — St)/h? of Section 5.9.1. The first two rows are

Hermitian and are the subject of Sections 8.1-8.3; the last row is not, and Section 8.5 turns to it.

equation (periodic, | generator scale « | treated in
1D)
Schrodinger H = A" =0, u; = —iHu | 4/h® | Secs. 8.1, 8.3
g = —Ugy
transport u; + cuy =0 | H = —icDy = 35 (S — ST) c/h Sec. 8.3, Ch. 13
Wave Uy = CoUgy first-order system, Hermi- | O(c¢/h) | Ch. 13
tian after the factorization
of Ch. 13
heat u; = gy A = AP semigroup e ** | 4/h? | Sec. 8.5, Ch. 14
(not unitary)

Table 8.1: Generators of the PDEs treated in this report, in the periodic one-dimensional setting.
The normalization scale « is that of the shift-based block encoding of Section 6.4.1; 7 = at is the
cost parameter.
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8.1 Trotter—Suzuki product formulae

Suppose H = H; + H», where e 17 and e 27 can be implemented but e /7 cannot, because
[Hy, Ho) # 0. The Lie-Trotter formula [53], e {(F1+H2)t — Yim, ,  (e7H1t/7e=1H2t/T)" alternates
the two exponentials over short steps, and it gave the first quantum algorithm for local Hamilto-
nians [38]. It needs no block encoding, no ancilla qubit and no amplitude amplification, only the
ability to exponentiate the pieces. The price is paid in the number of steps.

8.1.1 First order
Let S1(7) = e #1177 1H2T and H = Hy + H,. Then

7_2
I8:(7) — 17| < - |, ]| (8.1)

Proof. Put F(s) = e iHise71H2s and G(s) = e 5. Differentiating gives F'(s) = —iHF(s) +
E(s)F(s) with E(s) = —i(e s Hyelf1s — M), Since L[G(r — s)F(s)] = G(r — s)E(s)F(s),
Duhamel’s formula (variation of constants) reads F(7) — G(7) = [q G(T — s)E(s)F(s)ds. Because
4 (e7tHir ety = —je [ Hy, HyleH17, one has ||E(s)|| < s||[H1, Hs]||, and integrating over
s €10, 7] gives (8.1). O

Over 7 steps of length ¢/r the errors of the unitary factors add, so

2| [y, Hz]\lw
2¢ '

The number of steps is quadratic in ¢ and linear in 1/e, and it is proportional to the commutator:
if Hy and Hy commute the formula is exact. With a = ||H1|| + || Hz|| the worst case is ||[H1, Ha]|| <
2||Hy||||Ha|| <€ @?/2, and r = O(72/e).

2
I$1t/m7 — e < (1, ), =] (8.2)

8.1.2 Higher order

Symmetrizing removes the first-order term. The Strang formula Sy(7) = e 1H17/2¢—1Ha7 o —1H17/2

satisfies [15]
-3
Io(r) — e 7)) < T, (B, H)| + T 1 (1, ) )

so 7 = O(t3/2¢71/2) steps suffice. Suzuki [48, 49] builds formulas of every even order recursively,

1

Sok (1) = Sak—2(up)? Sap—2((1 — 4up)7T) Sop—o(urr)?,  wp = 4 — 41/Ck=1)

(8.4)

which has order 2k and uses 5! Strang stages. The middle step (1 — 4uy)7 is negative, so that
stage runs backward in time. Yoshida’s triple jump [55], Si(7) = Sa(s7)S2((1 — 25)7)S2(s7) with
s =1/(2 —2'/3), is a three-stage fourth-order variant.

A formula of order p has error O(7P!) per step, hence r = O(tlﬂ/pe*l/p) steps. For H =
25:1 H., the commutator-scaling theorem [15, 35] makes this precise: a p-th order formula with K
stages per step reaches accuracy € with

r = O((tK) P | HI[A comm e 77) (85)

p+1,comm

steps, where [[[H||[pt1,comm = 2, . yper [[Hypirs [+ s [Hags Hyy] - ]]|| sums the norms of the

nested commutators of order p + 1, and K = 2 - 57/271 for Suzuki’s formulas. The exponent
14 1/p tends to 1 for large p, but the constants grow like 5P/2 and no fixed order reaches the linear
dependence on t that the lower bound permits.
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8.1.3 Example: the periodic Laplacian split into even and odd bonds

Take N = 2™ sites, so that the site index is a binary number whose lowest bit is the parity of
the site. The periodic Laplacian is the sum over the N bonds (j,j + 1) of the one-bond operators
h=2(|5) — 7 + 1)({j| — (5 + 1|). Grouping the bonds with even and odd j (Figure 8.1) gives

I- X

XSt
APT= A+ Ay Ac= _ L= 5X05

h?

Ao (8.6)
where X is the Pauli X on the lowest qubit, which swaps the sites 2m and 2m 4 1, and the
conjugation by the cyclic shift S moves the pairs by one site. Within one family the bonds do not
overlap, so the terms commute and no splitting error arises inside A, or inside A,. Since X is an

involution,
i i t ..t
e itAe _ o—it/h? (cos 3 I +isin 72 XO), (8.7)
which is a single-qubit rotation, and e~ 4o = § e~ St costs the same plus a cyclic shift and its

inverse. One Trotter layer therefore costs poly(n) gates, with no ancilla.

it

' even bonds A,
A Y

, odd bonds A,

Figure 8.1: A ring of N = 8 sites. The periodic Laplacian is the sum of the even bonds (solid)
and the odd bonds (dashed). Bonds within a family have disjoint supports and commute; the two
families share sites and do not.

The error is controlled by the commutator. Since Xy and X; = SX,ST are involutions,
[Ae, Ao] = h™*[Xg, X1], and X, X1 moves an even site by —2 and an odd site by 42, so that

A A =~ (§2-8%) D, D= diag((=1)?). (8.8)

ha

The circulant S~2 — S? has eigenvalues of modulus 2| sin(47k/N)| and D is unitary, so ||[Ae, Ao]|| =
2/h*. The same computation gives ||Ac|| = ||Ao|| = 2/h% and ||[Ae, [Ae, Ao)]|| = ||[Ao, [A0, Ac]]|| =
4/hS. With 7 = at = 4t/h?, (8.2) requires r = [72/(16€)] Lie-Trotter steps, and (8.3) gives the
error 73 /(128r2) for r Strang steps, that is r = [1/73/(128¢)]. Each step contains two exponentials.

These are worst-case counts, valid for every initial state. For a smooth state the commutator
is much smaller. By (8.8), [Ae, AoJu is h™(=1)7 (uj42 — uj_2) ~ 4h=3(—1)7/(x;), so its norm is
about 4[|u/||/h3, smaller than 2||u||/h* by a factor of order kh for a state of wavenumber k. The
exact flow preserves such smoothness, because A" commutes with e_itAPer, and the vector-norm
analysis [4, 35] shows that the improvement persists along the evolution. This gain depends on
the state, not on the algorithm, and it is the main reason product formulae remain competitive for
PDE problems with smooth data.
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8.1.4 Exact simulation of 1-sparse Hamiltonians

For general Hamiltonians specified through sparse black-box oracles rather than analytical stencils,
Trotter splitting serves as an indispensable bridge [8]. Suppose H is a d-sparse Hermitian matrix
acting on n qubits, accessible via two standard oracles:

e a column oracle Oy: |x)|i) — |x)|f(x,4)), where f(z,4) is the column index of the ith nonzero
entry in row z (1 <1i <d);

 a matrix-entry oracle Oy : |x)|y)|0) — |2)|y)|Hzy)-

By an efficient edge coloring of the graph induced by H, the Hamiltonian decomposes into a sum
of m = O(d?) (or O(d) with sophisticated edge-coloring) strictly 1-sparse Hermitian operators,
H = 37" | Hj, where every row and column of each H; contains at most one nonzero entry [8].

The fundamental building block is therefore the exact simulation of an individual 1-sparse
block H; over time t. Because each row of H; has at most one nonzero entry, the dynamics in
the computational basis uniquely and exhaustively partitions into disjoint invariant subspaces of
dimension at most two [8]:

o Case I (off-diagonal, x # f(x)): The state |x) transitions into |f(z)). Within the 2D invariant
subspace spanned by {|z), |f(x))}, the submatrix is

0 H%f(gg) . 0 e 10
<Hf 0 ) - ‘Hx,f(x)‘ <ei9 0 ’ (89)

(),

where Hy,y . = H @) by Hermiticity. The unitary time evolution acts as a single-qubit
rotation Ry (2|H,, f(z)|t) accompanied by phases e*if,
o Case II (diagonal, x = f(x)): The state maps strictly to itself, forming an isolated 1D

invariant subspace. The evolution simply applies the diagonal phase accumulation |z) +—
e HHaat| ),

Crucially, these two cases can be handled coherently across the entire superposition without any
classical branching or measurement [8]. By computing an index comparison ¢ < (x > f(z)) into
a flag qubit and applying a Controlled-SWAP between the system and index registers, the registers
are sorted to (min(z, f(x)), max(z, f(x))). This guarantees that the matrix element Hyin max is
queried consistently, enforcing Hermiticity automatically. After applying the subspace rotation or
diagonal phase conditioned on the parity @ f(x), uncomputing the registers restores all ancillas to
zero. Exactly four oracle queries (2 x Oy and 2 x Op) implement e it exactly, and Trotter—Suzuki
formulas then assemble the full simulation e~ at order p with gate overhead governed by (8.5).

8.1.5 Strengths and limits

Product formulae are the right tool when the pieces are cheap and the accuracy is moderate: no
block encoding, no ancilla, and a gate count proportional to the number of terms times the number
of steps. Their weaknesses are the polynomial dependence ¢~'/? on the accuracy, which is a real
handicap when the simulation is a subroutine of a linear solver and € must be small (Chapter 9),
the superlinear dependence t'+1/? on time, and, for stencil matrices, commutators of size h~* at
worst. The following sections remove the first two weaknesses.
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8.2 Linear combination of unitaries and truncated Taylor series

Berry, Childs, Cleve, Kothari and Somma replace the splitting by a Taylor expansion realized as a
linear combination of unitaries [9]. Let H = Y; yU; be an LCU with unitary U; and o = Y; ||
as in Section 6.3, or equivalently let a block encoding Uy be given. The idea is that the Taylor
series of et is a combination of products of unitaries with explicit weights, and that for a short
enough time its total weight is less than 2.

8.2.1 Segments and the truncated series

Split ¢ into r segments of length ¢/r and approximate each by the truncated series
K . k K : k

o—HE/T Z (—iH1/r) _ Z (=it/r) Z a0y

| |
k=0 k! k=0 k! I1,elk

(8.10)

The right-hand side is an LCU of products of unitaries with total weight sg = > < (at/r)* /KL
Take r = [at/In2], so that at/r < In2 and sx < €2 = 2. Raising the normalization « slightly,
at the cost of one more ancilla qubit, makes the segment time exactly In2 and sg — 2 as K — oo.
The tail beyond order K is at most 3 x(In2)*/k! < 2(In2)X+1 /(K + 1)!, and requiring it to be
at most €/r gives
log(r/e)
K=0—F—"—"——=). 8.11

(log log(r/e)) (8:.11)
The LCU circuit PREP-SELECT-PREPT of Section 6.3 (with a selector register that holds k and
the indices 1, ..., I, compressed to O(m + log K) qubits [35]) block-encodes sz e ¥/ up to the
truncation error. Since sx = 2, it is a block encoding W of %V with V & e Ht/" ynitary.

8.2.2 Oblivious amplitude amplification

Postselecting on the ancilla succeeds with probability only about 1/4 per segment, and the proba-
bilities multiply over the r segments. Amplitude amplification cannot be applied directly because
the input state is unknown, but here it is not needed: since the target block %V is a unitary divided
by two, all singular values of the block equal %, and three uses of W turn them into one. By the
qubitization identity (6.29) with & = 1, the operator

W=w_zZgWtzgw (8.12)

has the block TV (V) = =V, because T5(3) = 4% — 2 = —1. The final Zy in (6.29) is absent
here, which does not change the II-block since Z1 acts as the identity on |0"*). The sign is a global
phase. This is oblivious amplitude amplification [9]: it uses only that V is unitary and works for
every input state at once. If V' is only approximately unitary, the error stays proportional to the

truncation error (robust oblivious amplitude amplification [10, 35]).

8.2.3 Cost

Each segment uses W three times, and each W contains products of up to K unitaries, that is K
queries to Ug. The total is 3r K queries. With » = O(7) and (8.11),

log(7/€)
O<T log log(r/e)) (8:.13)
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queries, with O(m + loglog(7/¢€)) ancilla qubits [9, 35]. This is linear in 7 up to a logarithm and
logarithmic in 1/e, a large improvement over product formulae, but the two costs are multiplied,
while the lower bound of the introduction adds them. Section 8.3 closes that gap.

8.3 Qubitization and QSP-based simulation

The optimal algorithm uses the machinery of Chapter 7 with the oscillatory target of Section 7.3.2 [39,
40]. Chapter 6 showed that a block encoding of H/« is turned by qubitization into a walk whose
eigenphases are arccos(\;/a). QSVT turns that walk into any polynomial of H/«a, and the poly-
nomials needed for e77* are the Jacobi-Anger truncations.

8.3.1 The two polynomials

By (7.18), the even and odd parts of e~ = cos(7z) — isin(rx) are Chebyshev series with Bessel
coefficients. Truncating them at degree d gives

ld/2] [(d—1)/2]
Ca(w) = Jo(r) +2 Y (=) k(1) Ton(),  Sa(x) =2 Y (=1)*Jops1(7) Torga(2), (8.14)
k=1 k=0

and since |T;| < 1 on [—1, 1], each of them differs from cos(7z) and sin(72) by at most 23", ;| Jx (7).
The bound |Ji(7)| < (7/2)F/k! [43] already gives d = O(7 +log(1/¢)), and sharper estimates of the
Bessel tail give the optimal O(7 + log(1/€)/log(e 4 log(1/€)/7)) [35]. The exact tail decays in the
way shown in Figure 8.2: it stays at order one up to d =~ 7 and then falls super-exponentially, with
a transition that sharpens as 7 grows, as in Section 7.3.2. Table 7.3 lists the degrees.

[ T T

107t

10-°

22k>d | Tk (7)]

10~

10-16 | | |
d/T
Figure 8.2: The truncation bound 23, |Jk(7)| for the Jacobi-Anger series (7.17), against d/T,

for 7 = 10,20, 40, 80. The dashed line marks ¢ = 1075. The error stays at order one up to d ~ 7
and then falls faster than any exponential, and the transition sharpens as 7 grows.

8.3.2 The algorithm and its cost
Let Uy € BEq ,(H) with H = HY and put 7 = at. The algorithm has five steps.

1. Choose the smallest d for which Cy and Sy approximate cos(7z) and sin(7x) to accuracy €/2
n [—1,1]. Both truncations are bounded by 1+ €/2 on [—1, 1]; divide them by f =1+ € to
enforce |p| < 1.
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2. Compute the phases of the even polynomial Cy/f and of the odd polynomial S;/8 by the
methods of Section 7.1.2.

3. Build the QSVT circuits of Figure 7.2 for the two polynomials. They are (1,m + 1)-block-
encodings of Cy(H/a))/5 and Sy(H/«)/B, and for Hermitian H the singular value transfor-
mation is the eigenvalue transformation (Section 7.2.3).

4. Combine them by an LCU with one more qubit and weights 1, —i (Section 7.2.3), giving a
block encoding of (Cy(H/a) —iSq(H/))/(28).

5. Optionally amplify with (8.12), three uses of the circuit, to turn the normalization 23 into 1.

Theorem (optimal Hamiltonian simulation) [39, 40, 35]. Let Uy € BEq . (H) with H = HT,
t>0and e € (0,1). There is a (2(1 + ¢€), m + 2, €)-block-encoding of e~/ that uses

08(1/9
Ot e toati /7)) 1)

queries to Uy and U;I and one query to the controlled Uy. After one round of oblivious amplitude
amplification it is a (1, m + 2, 9¢)-block-encoding at three times the cost.

The cost (8.15) matches both lower bounds of the introduction, so the algorithm is optimal. Only
one extra qubit is needed for the signal and one for the LCU. The normalization of the polynomials
is the essential point. The expansion (8.14) could also be implemented as a linear combination of
the Chebyshev blocks of Section 6.5.5, but its coefficient 1-norm |Jo(7)| 4+ 2> 1~q |Jx(7)| grows like
V7 (it is 11.6 at 7 = 80 and 44 at 7 = 1280), so amplification would add a factor of order /7 to
the query count. The phases of QSVT absorb the whole polynomial into a normalization of one.

8.3.3 PDE test beds

Free Schridinger equation. Take H = APe" with the shift-based block encoding Uy, of Section 6.4.1,
with m = 2 and o = 4/h%. The evolution is the free Schrédinger equation iu; = —ug, on a ring.
The encoded matrix is Hermitian although Uy, is not, and Section 7.2.3 applies. The query count
is the degree of Table 7.3 at 7 = 4t/h%: 17 to 22 for 7 = 10, 115 to 125 for 7 = 100, and 1031 to
1054 for 7 = 1000, for € between 10™3 and 1076.

Transport. The generator H = —icDy (with central difference Dy = %) is Hermitian, with
eigenvalues (c/h)sin(2mk/N), and it is a two-term LCU of the unitaries iS and —iST with a = ¢/h
and a single selector qubit. Here 7 = ct/h is the number of grid cells crossed by the wave in time
t, and the algorithm needs about 7 queries. This is the number of steps of an explicit scheme at
Courant number one, but the state lives on logy N qubits and the accuracy enters only through
log(1/€). The cost grows in proportion to ¢/h, so a finer mesh is paid for linearly in 1/h.

Fast-forwardable cases. Constant-coefficient problems on a torus are diagonalized by the quan-
tum Fourier transform, e = Ffdiag(e ™) F with Ay = (4/h?)sin?(k/N) for the Laplacian,
as in Section 5.9.2. The phases are computed from k by quantum arithmetic with a gate count
independent of ¢. This does not contradict the lower bound, which is for generic sparse H: the
Fourier transform exploits translation invariance. The algorithms of this chapter are needed when
the coefficients vary, the geometry is not a torus, or only a block encoding is available.

8.3.4 Comparison

Table 8.2 summarizes the asymptotic costs and Table 8.3 gives counts for the Laplacian test bed.
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method queries or exponentials ancilla qubits input
Lie-Trotter O(72/€), worst case none exponentials of
the terms

Suzuki, order p O(ri1HYre=1/p), constants | none exponentials of
50(p) the terms

LCU + Taylor + OAA | O(rlog(7/¢)/loglog(t/e)) O(m + | block encoding

loglog(7/¢)) or LCU
QSP (qubitization) O(r +log(1/e)/loglog(1/e)) | m+2 block encoding
lower bound Q(7 +log(1/€)/ loglog(1/e))

Table 8.2: Cost of Hamiltonian simulation to accuracy e, in the dimensionless time 7 = at.

T € Lie Strang | Taylor + OAA | QSP | QSP + OAA
10 | 1073 | 1.25 x 10? 178 270 17 51
10 [ 1076 | 1.25 x 107 5592 405 22 66

102 | 1073 | 1.25x 10 5592 3045 | 115 345
102 | 1076 | 1.25 x 107 | 1.77 x 10° 4350 | 125 375
103 | 1073 | 1.25 x 108 | 1.77 x 10° 34632 | 1031 3093
103 | 1076 | 1.25 x 10! | 5.59 x 106 43290 | 1054 3162

Table 8.3: Counts for the periodic Laplacian of Section 8.1.3. Lie and Strang: number of exponen-
tials e =17 4c e~I7' 4o from the worst-case bounds (8.2) and (8.3), namely 2[72/(16¢)] and 2L + 1
with L = [/73/(128¢)]. Taylor + OAA: 3rK queries with 7 = [7/In2] and K the smallest order
with 3o (In2)k/k! < €/r. QSP: the degree of Table 7.3; QSP + OAA: three times that. A
Trotter layer and a query to Ur both cost poly(n) gates, so the columns are comparable up to
constants.

8.4 Time-dependent simulation and the interaction picture

When the Hamiltonian depends explicitly on time, H = H(t), an essential complication arises:
operators at different times generally do not commute, [H (t1), H(t2)] # 0. Consequently, the naive

exponent e o HOV9S failg 16 solve the Schrodinger equation 10,1 (t)) = H(t)|1(t)). This section
discusses the time-ordering formalism, its implementation via truncated Dyson series, and how
the interaction picture fundamentally reduces the query cost for PDE problems with stiff kinetic
operators [41, 35].

8.4.1 Time-ordering and the truncated Dyson series

The exact unitary evolution operator U (t) satisfying i0,U (t) = H(t)U(t) with U(0) = I is given by
the time-ordered exponential [35]

U(t) = ’Texp(—i/ot H(s) ds) = I—i—i(—i)” /Ot dsp /Osn dsp_q--- /082 dsy H(sp)H (sp—1) -+ H(s1),
n=1

(8.16)
which is the Dyson series. The time-ordering operator 7 arranges any product of time-dependent
operators in chronological order from right to left: T{H(t1)H((t2)} = H(t1)H(t2) if t; > t2 and
H(tQ)H(tl) if to > 4.

Low and Wiebe [41] generalized the truncated Taylor series (Section 8.2) to simulate (8.16)
by LCU. Suppose H (t) is differentiable and accessible via a time-dependent block encoding with
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subnormalization ar = sup,cp4[/H(s)||. The total duration ¢ is divided into r = [art/In2] short
segments of length At <In2/ap. On each segment, the Dyson series is truncated at order

log(r/e)
K=0(—22—"—). 8.17
(loglog(r/e)) (8:.17)
The continuous nested integrals over s; < --- < s, are discretized on a fine time grid with

ny = O(log(max;||H'(s)||t?/€)) qubits. A coherent comparison and sorting network arranges the
sampled time coordinates chronologically, allowing the time-ordered product to be implemented via
a multiplexed SELECT oracle. On each segment, the resulting LCU unitary encodes s[_{lU (At) with
sk < 2, which is deterministically boosted to a (1, -)-block-encoding by a single round of oblivious
amplitude amplification (Section 8.2.2).

Theorem (truncated Dyson simulation) [41, 35]. Let H(t) be a differentiable time-dependent
Hamiltonian on [0, ¢] with ar(s) = ||H(s)||. Truncated Dyson simulation achieves precision € using

6(/5 er(s) ds - log(1/c)) (8.18)

queries to the block encoding of H(t).

Remark (The query complexity gap). Unlike time-independent simulation, where qubitization
achieves the strictly additive scaling O(at+log(1/¢)/loglog(1/€)) of Theorem 8.3.2, time-dependent
simulation currently incurs a multiplicative scaling 6(aTt log(1/€)). This gap stems from a struc-
tural distinction: qubitization relies on the stationary eigenvalues of H to construct a single 2D
invariant walk operator W = RoUTRoU. Time-dependent Hamiltonians have instantaneous eigen-
values but generally no stationary eigenspaces, precluding a single walk operator that encodes the
entire trajectory.

8.4.2 The interaction picture for differential equations

A notorious obstacle when applying quantum simulation to spatial PDEs is the stiffness of the
Laplacian. In a standard finite-difference discretization of u; = —iHu with H = AP®" 4 V(z), the
kinetic operator AP®" has norm ||AY"|| = ag = 4/h? = O(N?), whereas the potential V(z) has
norm ||V = ©(1). If simulated directly in the Schrodinger picture, the query complexity scales as
O((ap + ||V |))t) = O(N?t), diverging quadratically with the spatial resolution N = 1/h.

The interaction picture simulation method of Low and Wiebe [41, 35| resolves this dilemma
whenever the dominant part of H can be fast-forwarded. Write H = B + aA, where § =
|B|| > a = ||Al|, and assume e ##B! can be implemented efficiently (for instance, via QFT if B is
translation-invariant). Transform the state into the interaction frame:

[(6))r = PP b (2)). (8.19)
Differentiating |1(¢)); using the product rule gives
O = W), Hi0) = ad?Pae P (820)
Because unitary conjugation preserves the operator norm,
[H: ()] = allAll < o, (8.21)

which is completely independent of the dominant scale 5. The rapid oscillations generated by B are
absorbed into the time variation of H;(t), where |H;(t)|| < af|[B,A]||. In the truncated Dyson
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series method, ||H}(t)|| enters only logarithmically through the time-register qubit count n;, while
the query complexity depends solely on fg |H;(s)||ds < at.

For the Schrodinger equation with a potential, B = AP is diagonalized by the QFT (B =
FTAF), so e Bt is fast-forwarded in O(poly(n)) gates without querying A. Simulating H;(t) via
the truncated Dyson series then costs only

O(| V||t log(1/c)) (8.22)

queries to the potential oracle, entirely eliminating the O(N?) grid-dependent blow-up.

8.4.3 The no-fast-forwarding theorem and parity reduction

The fast-forwarding of B in the interaction picture is possible only because B possesses special
structure (translation invariance). For generic sparse Hamiltonians, time evolution cannot be ac-
celerated: any quantum simulation requires Q(at) queries [8, 35].

The impossibility of generic fast-forwarding is proved by reducing the parity problem to Hamil-

tonian simulation [8, 35]. Given an unknown n-bit string s = (sg,...,S$p—1) € {0,1}", deciding the
parity @?:_& s; requires 2(n) queries to the bit oracle Ug|j)|z) = |j)|z & s;).
Consider the angular momentum operator J, of spin n/2, acting on states |j) for j € {0,...,n}

with non-zero matrix elements (j+1|J;|5) = 21/(n — j)(j + 1). By the angular momentum algebra
[z, Jy] = iJ., the unitary rotation over time ¢ = 7 exactly inverts the z-spin: e7/+™|0) = |n). Now
embed this rotation into a dual-rail system with an auxiliary parity qubit |m):

(G + 111Gl ) ) = Gt s, v/~ 9)G+ 1), (5.23)

The operator G, switches rails conditioned on s;. In a basis permuted by the cumulative parities,
(G is isomorphic to J; ® I, which immediately implies

e71C=7|0)]0) = yn>]n@lsj>. (8.24)
j=0

Evolution under G, for time ¢ = 7 computes the exact parity of the bit string. Because G,
is a 2-sparse banded matrix with ||Gz|| = o = O(n), the dimensionless simulation parameter
is 7 = at = ©(n). If a quantum algorithm could simulate generic sparse Hamiltonians in o(7)
queries, it would compute the parity of s in o(n) queries, contradicting the established quantum
query lower bound. Hence, linear scaling Q(«t) is a fundamental physical barrier.

8.5 From Hermitian simulation to non-Hermitian generators

8.5.1 The heat semigroup by QSVT

The heat equation u; = —Au with A = AP = () is not a Hamiltonian simulation, but Section 7.3.3
showed that e™*4 is a polynomial of the averaging operator H' of degree d ~ +/2zIn(1/e) =
Vatin(l/e) with z = at/2. The QSVT circuit and the LCU of the even and odd parts give a
(2, m + 2)-block-encoding of e~*4, with m = 1 for the two-term LCU that encodes H’. The cost is
O(y/atlog(1/e€)) queries, against Q(at) for the unitary evolution. There is no contradiction with
the no-fast-forwarding theorem, which concerns unitary evolution. In the Chebyshev expansion
(7.14) of the oscillatory filter all coefficients up to k ~ 7 are of the same size, while the coefficients
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e *I(z) of the heat filter decay like e~**/(22) from the start: the semigroup damps the high-
frequency components, and only the low-degree Chebyshev modes of the generator are needed.

This gain is not free. The block-encoded operator is e *4 /2, and the state after postselection is
e " |up) with norm at most |Jug||. The success probability is ||e™*Aug||?/(4||ug||?), and amplitude
amplification multiplies the query count by the inverse of its square root. For data that decays
strongly, such as the lowest Dirichlet mode e_”Qt, this overhead grows exponentially with ¢ and can
cancel the gain, whereas for data whose mean is preserved on a periodic domain it is bounded. The
accounting of this overhead for the heat equation belongs to Chapter 14.

8.5.2 Advection—diffusion

The equation u; + cuy = g, has the generator A = AP" + ¢Dy = L +iH with L = AP > 0
and H = —icDg both Hermitian, since Dg = —Dy. Both are polynomials in the shift S, so they

commute and
et = tL oitH, (8.25)

The right-hand side is the product of the heat-semigroup block of Section 8.5.1 and the transport
block of Section 8.3.3, composed by the product rule of Section 6.2. No new algorithm is needed
while L and H commute. With variable coefficients, v(z) and ¢(z), they no longer commute, and
(8.25) is replaced by a splitting formula of the type of Section 8.1, with e™* and e as the
subroutines and an error governed by ||[L, H]||, or by the constructions below.

8.5.3 Linear combination of Hamiltonian simulation

For a general A = L +iH with L = (A+ A")/2 = 0 and H = (A — A")/(2i), linear combination of
Hamiltonian simulation (LCHS) [6] writes the semigroup as an integral of Hamiltonian simulations,

A _ [ dk —it(kL+H)
et = /_OO T+ D) e . (8.26)

The integrand is the Hermitian evolution of the generator kL + H, and the weight is the Cauchy
density. For commuting L and H the identity reduces to the scalar fact e = [ e™** dk/(7(1+k2))
for & > 0, which is one residue at k¥ = —i; the non-commuting case is the theorem of [6]. The weight
decays only like k2, so truncating at |k| < K costs about 2/(7K) and forces K = O(1/¢) with
evolution times of order K ||L||t. The first version therefore depends polynomially on 1/e, which is
why improved weights have been developed (Chapter 10).

8.5.4 Schrodingerization and exact Hermitian dilation

Schrodingerization [28] provides an exact dilation framework embedding general non-Hermitian
linear dynamics into unitary Hamiltonian systems via an auxiliary continuous variable.
Consider a general linear differential equation for a system state |u(t)):

d
7 [u@®) = L()|u(t), (8.27)

where L(t) is non-Hermitian, generating dissipation or growth. Decompose L(t) into its skew-
Hermitian and Hermitian parts:

L(t) = —iH(t) + K(t), H(t)= = (L(t) - L"), K(t) = %(L(t) + L)1), (8.28)



where both H(t) and K(t) are strictly Hermitian. When K (¢) # 0, evolution under L(¢) is non-
unitary.
Schrodingerization introduces an auxiliary continuous variable p € R with associated Hilbert
space Haux and canonical Hermitian momentum operator Pyux = —i0).
Theorem (Ezxact dilation of non-Hermitian evolution) [28]. Define the dilated Hamiltonian ﬁ(t)
acting on Hgys @ Haux by _
H(t) = H(t) @ laux + K(t) ® Paux- (8.29)

Because H(t), K(t), and Puy are all Hermitian, H(t) is strictly Hermitian. The exact non-
Hermitian evolution generated by L(t) is recovered from the dilated unitary evolution by

Texp(/ot L(s) ds) = ((I| ® Lsys) Texp(—i/ot H(s) ds) (|r) @ Lsys), (8.30)

where |r) and (| are specially chosen auxiliary boundary states. O

Ezample: Schrédingerization of the heat equation [28]. Consider the classical heat equation
Opu(t,r) = cV2u(t,r). The spatial operator L = cV? < 0 is negative semi-definite, so H = 0 and
K = L. Define a warped state w(t,z,p) on p > 0 by

w(t,z,p) = e Pu(t,x), p> 0. (8.31)

Because J,w = —e Pu = —w, the dissipative action of L on the system is traded for a derivative
with respect to p:

Ow = L(e Pu) = —Lopw = —L(iP)w = 10w = (L ® P)w. (8.32)

Since both L and P = —i0, are Hermitian, the dilated Hamiltonian H = L ® P is Hermitian,
and the joint state obeys the unitary Schrodinger equation i0;|w) = H |w). After simulating this
unitary dynamics on a quantum computer via qubitization or Trotterization, the original classical
solution u(t, x) is recovered by integrating out the auxiliary coordinate:

/OOO w(t,z,p)dp = /OOO e Pu(t,z)dp = u(t, ) /OOO e Pdp = u(t,x). (8.33)

Discretizing p on a finite mesh with a modest number of qubits converts the continuous momentum
into a circulant matrix simulatable via QFT or sparse Trotter methods. Schrédingerization thus
converts arbitrary dissipative PDEs into standard Hamiltonian simulation, at the cost of one auxil-
iary spatial register and a postselection/readout step. Further details and higher-order quadratures
of LCHS and Schrédingerization are deferred to Chapter 10. Those constructions are quadratures
of the same Cauchy identity (Sec. 11.7) that, for Hermitian H, collapses to e *H¢,
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Chapter 9

Solving linear systems of equations

The quantum linear systems problem (QLSP) is the linear-algebra core of this report. After dis-
cretization (Sec. 5), elliptic PDEs and implicit time steps become instances of Au = f. A quantum
algorithm does not return the classical vector u; it prepares a normalized state encoding u and
leaves observables to be estimated afterwards [25, 35, 34].

Conceptually, every solver in this chapter implements the same scalar map A — 1/X on the
spectrum of A. That map is the Cauchy calculus for f(z) = 1/z (Sec. 11). HHL, QSVT, and
a contour quadrature of resolvents are three circuits for that one identity, not three unrelated
algorithms. The circuits and costs are developed here; the dictionary that places inversion next
to semigroups and Hamiltonian simulation is collected in Sec. 11. None of that is claimed as a
new theorem: it is the reading that makes the linear solver the center of the quantum toolkit that
follows.

This chapter follows Lin and Wiebe, Chapter 19 [35]: problem setup, the HHL algorithm, the
QSVT-based solver, Poisson’s equation as a worked example, and a short outlook on near-optimal
adiabatic and quantum-Zeno solvers. Linear combination of Hamiltonian simulation is postponed
to Sec. 10; variational solvers are postponed to Sec. 16.

9.1 The quantum linear systems problem

Let A € CV*N be invertible and |b) a normalized state encoding the right-hand side. The QLSP
asks for a state A-110)

2 = AT o)
to accuracy ¢ in trace distance (or an equivalent state-norm guarantee). Equivalently, if A is
accessed through an («, a, €)-block encoding Uy (Sec. 6), the algorithm is charged for queries to Uz
and to a state-preparation unitary U, with U,|0) = |b).

Several caveats, emphasized by Li [34], belong in the problem statement rather than in an
afterthought:

« the output is a normalized quantum state, so the missing factor ||A~1|b)|| must be recovered
if a quantity of interest depends on it;

e postselection on the block-encoding ancilla succeeds with a probability that typically scales
with [[A7HB) |/

 reading out every amplitude of |z) destroys any asymptotic speedup; the intended output is
an observable, an inner product, or a derived PDE quantity.

125



Throughout, x = || A]| ||A~!|| denotes the condition number and s the sparsity. For the second-
order elliptic matrices of Sec. 5, k = O(N?/%) on a d-dimensional grid, which is the dominant
parameter in every complexity bound below.

9.2 C(Classical connection

The discrete Poisson problem
Ahuh = fh (9.2)

on a mesh of spacing h is already a QLSP instance: |b) is a normalized encoding of f, and |z)
encodes uy. The same pattern appears in every implicit time step of a parabolic scheme (Crank—
Nicolson produces a linear system at each step; see Sec. 14) and in the “evolution as a linear system”
method for linear differential equations (Sec. 10).

What changes from classical numerical linear algebra is the cost model. Gaussian elimina-
tion and Krylov methods return all N entries. A quantum solver’s query complexity may scale
polylogarithmically in NV, but only after

1. A is block-encoded (cost depends on s and on the rescaling «);
2. |b) is prepared;
3. the algorithm pays a polynomial cost in x and 1/¢;

4. an observable is estimated by sampling.

An apparent speedup in the inversion step need not survive this end-to-end accounting [34]. The
discretization chapter planted s, k, and the mesh-to-dimension map; the rest of this chapter tracks
those parameters through concrete algorithms.

9.3 Quantum phase estimation and the HHL algorithm
The Harrow-Hassidim-Lloyd (HHL) algorithm [25] is the historical starting point. In outline, for
Hermitian positive-definite A with eigenpairs (A, [v;)) and |b) = >, Bj]v;):
1. apply Hamiltonian simulation of e*4? (Sec. 8) controlled on a clock register;
2. use quantum phase estimation (QPE) to extract an approximation of A; into that register;
3. rotate an ancilla by an angle arcsin(C'/ S\j) and uncompute the phase register;

4. postselect the ancilla on [1), which (up to normalization) implements A; — C/A; on each
eigencomponent.

The original complexity scales roughly as 5(/123 /€) up to polylogarithmic factors in N, reflecting
QPE’s precision requirements and amplitude amplification over the postselection probability [25,
35]. Subsequent work improved the x and e exponents; those improvements are the subject of the
QSVT and adiabatic/Zeno constructions below.

For this report HHL is kept short: it shows that inversion is a controlled eigenvalue transforma-
tion plus postselection, and it makes QPE available as a tool without a separate eigenvalue chapter.
Circuit-level error analysis is omitted; the conceptual map

Bj _
b) — > Bjlv) — Zﬁ\vﬁ o A7) (9.3)
j i
is what later PDE chapters reuse.
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9.4 QSVT-based linear-system solver

Modern fault-tolerant solvers replace QPE by a polynomial approximation of 1/x applied directly
to a block encoding [23, 35, 34]. On the spectral window [~1,—1/k] U [1/k, 1] one constructs a
bounded polynomial p of degree O(xlog(1/¢)) such that

Ip(z) — 1/z| <e, x€[-1,-1/k|U[1/kK,1]. (9.4)

QSVT (Sec. 7) implements p(A/a) as a block of a larger unitary. Postselection on the ancilla then
prepares a state close to (9.1).
Compared with HHL, the QSVT route

e avoids an extra clock register and the associated QPE precision overhead;

o treats non-Hermitian A through singular-value transformation (inversion becomes a function
of ATA, or a Hermitian dilation);

» matches the “inverse filter” already introduced as a QSVT example in Li, Sec. 1.12.1 [34].

Lin’s Theorem 19.3 [35] is the reference complexity statement to be quoted when this subsection is
expanded. Linear-combination-of-unitaries constructions of the same filter (Lin, Exercise 19.1) are
noted but not developed.

The PDE-relevant special case is a Hermitian positive-definite discretization Aj; with known
spectral bounds. Then the only polynomial needed is an odd approximation to 1/x on [1/k, 1], and
the block encoding can be the sparse-matrix encoding of the stencil from Sec. 6.

9.5 Cauchy’s formula as the common writing

The three inversion methods used in this report are the same holomorphic map in different coordi-

nates [50, 27, 23]
1
Al = 7}15 2V (2D — A) L de. (9.5)
2w Jr

HHL evaluates 1/); after reading eigenvalues (a residue/spectral form of (9.5)). QSVT replaces 1/z
by a polynomial on the real spectral window. A contour algorithm quadrature-discretizes (9.5) and
calls a QLSP at each node z [50, 51]. The linear solver is therefore not next to Cauchy’s theorem; it
is the f(z) = 1/z case, with the resolvent as the integrand. Semigroups and Hamiltonian simulation
are the neighboring cases e/* and e~ *?, postponed to Secs. 10 and 11.

9.6 Worked example: Poisson’s equation

Consider the model Poisson problem on the unit cube (periodic or homogeneous Dirichlet), dis-
cretized by the standard 2d + 1-point Laplacian Aj. The pipeline of this report becomes fully
concrete:

—Au=f — Apup =f;, — block encoding of A,/a — QSVT inverse filter — |up).
(9.6)
Items to fill in when the section is written out:

o the exact stencil, the scaling o = ©(h~2), and k(4y) = O(h™2);
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preparation of |fp,) for a smooth right-hand side (Grover—Rudolph / QFT diagonalization
when the grid is periodic);

the distinction between preparing |uy) and estimating a linear functional ¢ 'uy;

the accuracy-matched comparison with a classical multigrid solve as a function of d, with and
without preconditioning, deferred from Section 1.5;

a pointer forward to Sec. 12, which reuses this example with first-order factorization, Hermi-
tian dilation, and FEM mass matrices rather than repeating the QLSP reduction.

Green’s functions of fermionic systems (Lin Sec. 19.5) are omitted: they are not needed for the

PDE

9.7

HHL

Secs.

track.

Near-optimal and optimal solvers

and the basic QSVT inverter are not complexity-optimal in x. Two constructions from Lin,
19.6-19.7 [35], are recorded here as an outlook, not as algorithms this report will implement:

adiabatic near-optimal solvers, which encode inversion as a slow eigenpath of a family of
Hamiltonians and remove a k factor relative to textbook HHL [47, 5];

quantum-Zeno optimal solvers, which replace continuous adiabatic evolution by a discrete
sequence of projections and achieve the optimal ©(xlog(1/¢)) query scaling up to logarithmic
factors [35].

For PDE applications the leading practical messages are already in Secs. 9.2-9.6: control x by the
discretization, encode the stencil, invert by QSVT, and measure an observable. The adiabatic/Zeno
literature is the complexity ceiling, not the pedagogical entry point.

9.8

What this chapter does not cover

LCHS, time marching, and the f(z) = e!* side of the same calculus — Secs. 10 and 11.7;
VQLS and other NISQ heuristics — Sec. 16;
classical rootfinding for nonlinear algebraic systems — Sec. 15;

the derivation of QSP phase factors — Sec. 7.
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Chapter 10

Solving linear differential equations

Linear differential equations
u'(t) = Au(t) + £(¢) (10.1)

are the time-dependent counterpart of the QLSP. Three standard quantum routes, following Lin,
Chapter 20 [35], are:

o rewrite the evolution as one large linear system and call a QLSP solver (Sec. 9);
e time marching, i.e. a sequence of short QLSP or simulation steps;

o linear combination of Hamiltonian simulation (LCHS), which expresses a non-Hermitian semi-
group as an integral (or quadrature) of Hermitian simulations [6, 34].

10.1 Problem setup
10.2 The linear-systems method
10.3 Time marching

10.4 Linear combination of Hamiltonian simulation

LCHS lives here, not in the QSP/QSVT chapter. Schrodingerization [28] is noted as a closely
related dilation and is reused for hyperbolic problems in Sec. 13.

10.5 Example: the heat equation

Forward pointer to Sec. 14 (Crank—Nicolson as QLSP; QSVT heat semigroup).

10.6 Non-Hermitian generators and complex absorbing potentials

The contour, Fourier, and dilation pictures that make LCHS and Schrédingerization the same task

as “apply e!4” are collected in Sec. 11.7.
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Chapter 11

Complex analysis as a language for
PDEs and quantum algorithms

Lin and Li develop the quantum algorithms as a toolkit: block encodings, polynomial transfor-
mations, Hamiltonian simulation, linear-system solvers, and LCHS appear as successive primi-
tives [35, 34]. This chapter only rearranges that toolkit around one identity, the Cauchy integral
formula lifted to operators. The linear solver of Sec. 9 is the case f(z) = 1/z; Hamiltonian simu-
lation and LCHS are neighboring choices of f. The algorithms are standard [50, 6, 27]; the point
here is to write them so that Cauchy sits at the center of the solver, which is the picture this report
wanted to make visible.

11.1 The identity

The scalar Cauchy formula [2]
f@ = 5§ 72
2wt JT 2z — a
says that a holomorphic function is determined by its values on a contour around the point. For a
matrix or closed operator A whose spectrum lies inside a positively oriented contour I', the same

writing is the holomorphic functional calculus [26]

dz (11.1)

£(4) = ;mfrf(z) (21 — A)L ds. (11.2)

Two elementary observations turn (11.2) into a dictionary for this report.

1. The integrand contains the resolvent R(z; A) = (2 — A)~!. Applying R(z; A) to a vector is
a linear system, i.e. a QLSP instance (Sec. 9).

2. A quadrature of (11.2) is a linear combination of resolvents, hence a linear combination of
unitaries once each resolvent (or each Hermitian evolution that represents it) is block-encoded.
That is LCU. On a real spectrum the integral may be replaced by a polynomial in A, which
is QSVT.

So Cauchy’s theorem is not being identified with quantum computing as a model of computation.
It is being used as the analysis of what the computation is doing: evaluating f on the spectrum of
A by probing a neighborhood of that spectrum.
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11.2 Three levels of the interpretation
It helps to separate what is being claimed.

e Tusk equivalence. Hamiltonian simulation, QLSP, heat semigroups, and spectral filters are
the same problem—prepare a state proportional to f(A)|b)—for different holomorphic (or
uniformly approximable) f. This is already implicit in QSVT [23]; the Cauchy calculus
makes the non-Hermitian case equally visible.

o Representation equivalence. Equation (11.2), a Fourier/Laplace inversion, and a polynomial
p ~ f on spec(A) are three writings of the same map A — f(A). LCHS is a quadrature of the
first or second writing; QSVT is the third. Residue calculus is the spectral-projection case
f =1 on a component of the spectrum.

e Not a complexity equivalence. The contour does not cancel k, state-preparation cost, or
measurement (Sec. 5). A contour that hugs spec(A) reproduces the same blow-up of the
resolvent that HHL pays in k. The interpretation organizes algorithms; it does not dominate
their resource counts.

The first two levels are the organizing picture used in this report. Lin invokes contours for non-
Hermitian dynamics and complex absorbing potentials [35]; Li uses inverse and exponential filters
as QSVT examples [34]. Neither notes volume is arranged as a Cauchy commentary on the PDE
pipeline, which is why the identity is written out here. The algorithms themselves are not new.
Section 11.3 cites the line that already implements Cauchy’s formula on a quantum computer, and
the parallel line that implements the same maps by Hamiltonian simulation.

11.3 What is already known

Cauchy’s integral formula as a quantum algorithm for f(A)|b) begins with Takahira, Ohashi, So-
gabe, and Usuda [50]: a circular contour, trapezoidal quadrature, and a linear combination of
shifted inverses, with polylogarithmic dependence on the error and without requiring A to be Her-
mitian. The same group recast the construction in the block-encoding framework and allowed a
general contour [51]. Jiang and An [27] then gave a complete complexity analysis of that contour
method and applied it to Hamiltonian simulation (f(z) = e?*, A = —iH), matrix polynomials, and
linear ODEs. For Hermitian Hamiltonian simulation the contour route is not optimal: they obtain
O(T?log(1/¢)), against the qubitization/QSVT scaling O(T+log(1/¢)) [40, 23]. Where the contour
method can win is asymptotically stable linear differential equations, not unitary evolution.

A second family never forms the resolvent explicitly. Linear combination of Hamiltonian sim-
ulation (LCHS) writes a dissipative semigroup as an integral of unitary evolutions e~ *(H+kL) [g],
Laplace-LCHS extends the same idea from e~47 to a class of eigenvalue transformations that
admit an inverse Laplace transform, including A=* and e_“rl, still using only Hamiltonian simu-
lation as the primitive [3]. Rational transformations via integral representations of the resolvent,
implemented by LCU of Hamiltonian simulations, sit in between the two families [45]. Schrodin-
gerization is the dilation cousin: an extra momentum coordinate turns non-unitary dynamics into
a Schrodinger equation [28].

The schematic is therefore already in the literature:

contour + QLSP (resolvents) versus integral kernel + Hamiltonian simulation

(LCHS),
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with QSVT as the real-spectrum polynomial surrogate. Hamiltonian simulation is the engine of the
second family and a test case of the first; it is not an undiscovered equivalent of Cauchy’s theorem.

11.4 A dictionary

Complex analysis Linear algebra / PDE Quantum primitive

point a; function f spectrum of A; f(A) block encoding of A, then f

1/(z — a) resolvent (21 — A)~? QLSP at the shift z

Cauchy integral (11.2) holomorphic calculus LCU quadrature of resolvents

polynomial approximation of f p(A) on a real spectrum QSP / QSVT

on a cut

fz)=1/z linear solve Au=Db HHL / QSVT inverter

f(z) = et unitary group, Hamiltonian simulation
hyperbolic/Schrodinger

f(z) =et* semigroup, parabolic generator QSVT heat filter or LCHS

residue at a pole eigenprojection, Green’s residues QPE; QSVT step/sign filter

argument principle eigenvalue counting inside I' contour of resolvents / QPE

contour deformation analytic continuation of !4 LCHS kernels; CAP

Each row is a translation, not a reduction of one column to another. The middle column is
the PDE and discretization layer; the right column is the quantum toolkit; the left column is the
analysis that makes the two speak.

11.5 From Cauchy—Riemann to elliptic PDEs

Chapter 4 proves the scalar theory: Cauchy’s theorem, the equivalent characterizations of holomor-
phic functions, the harmonic conjugate, the Poisson kernel of the disk as the real part of the Cauchy
kernel, and the conformal invariance of A in the plane. The operator-level statement used below is
the same integral with the scalar kernel 1/(z — a) replaced by the resolvent. Elliptic inversion and
Green’s functions are contour and residue statements about (¢I — A)~L.

11.6 Resolvents, Green’s functions, and linear systems

For each z ¢ spec(A), applying R(z; A) to a vector is a QLSP. Cauchy’s formula does not replace the
system solver; it calls it at quadrature nodes and superposes the outputs. Specializing f(z) =1/z
(with 0 outside I', or with T" split around a gap) recovers

1
21

ATl = jf (el — A) Ve, (11.3)
I

the same inversion that HHL and QSVT implement by a real-line filter. The Green’s function
of an elliptic operator is the integral kernel of a resolvent; the formulas for those kernels are in
Chapter 3. Residues of R(z;A) are eigenprojections. Poles encode eigenvalues, a contour that
avoids the spectrum encodes a matrix function, and a contour that collapses onto a cut encodes a
semigroup.

11.7 Semigroups, Hamiltonian simulation, and LCHS

Three choices of f recover the rest of the quantum toolkit.
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o f(2) = e * with Hermitian A = H and spectrum on R: Hamiltonian simulation (Sec. 8).
The contour deforms onto the real line; QSP/QSVT replace the integral by a polynomial in
H.

o f(2) = €'* with a possibly non-Hermitian generator A: the solution operator of u’ = Au
(Sec. 10). Analytic semigroups for parabolic problems are the same statement with a sectorial
contour [35, 34].

« A Fourier or Laplace writing of e/* as an integral of Hermitian evolutions e~*#* is LCHS [6]:
quadrature of (11.2) (or of its Fourier cousin) implemented as LCU of Hamiltonian simula-
tions. Schrodingerization [28] dilates a non-unitary generator into a Schrodinger equation—
again a contour/Fourier inversion realized by unitary dynamics.

Complex absorbing potentials [35] shift the contour: A is perturbed into the complex plane so that
a resonance or an outgoing radiation condition becomes a resolvent problem on the deformed path.
That is contour deformation as a PDE boundary condition, not as an optional remark.

11.8 Residues, projectors, and what QPE is counting

The residue of the resolvent at an isolated eigenvalue ) is the spectral projection onto the corre-
sponding invariant subspace. In the scalar theory this is Cauchy’s residue theorem; in the operator
theory it is the Riesz projection
1 -1
P, = — (zI — A)" " dz. (11.4)
2me |z—X|=¢

Quantum phase estimation samples eigenvalues of a unitary; QSVT step and sign filters build
approximate spectral projections without an extra clock register. Both are quantum writings of
Py. The argument principle, which counts zeros inside I' by a winding number, likewise has a
linear algebra twin: the number of eigenvalues of A inside I' is tr Pr. A quantum algorithm that
estimates that trace is counting spectrum by a contour of resolvents. This row of the dictionary is
the natural home of the eigenvalue week that QISCA listed separately: it is not a third primitive
besides QLSP and simulation, but the residue case of the same calculus.

11.9 QSVT as a real-spectrum surrogate

QSVT does not evaluate a contour integral. It implements a polynomial p(A) (or of the singular
values) given a block encoding [23]. On the spectrum of a Hermitian or normal matrix this agrees
with (11.2), because a holomorphic f may be approximated uniformly by polynomials on a real
interval—the inverse, heat, and oscillatory filters of Sec. 7. The working slogan of the report is
therefore

holomorphic functional calculus: Cauchy integral of resolvents;

QSVT: polynomial calculus on the (singular) spectrum;

LCHS: quadrature of a Cauchy/Fourier identity by Hamiltonian simulation;
residue / Riesz projection: spectral filtering and QPE.

Same task A — f(A); three circuits; one analysis.
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Quantum Algorithms for Differential
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Chapter 12

Quantum algorithms for elliptic PDEs

Elliptic problems are the direct application of the QLSP. After the discretization Apuy = fp, one
applies the solver of Sec. 9 and estimates a quantity of interest. In two dimensions the same
inversion is Laplace’s equation for a holomorphic potential (Sec. 11.5); the quantum chapter does
not need conformal maps, only the resolvent.

12.1 Classical discretization and the direct QLSP route

Reuses the Poisson example of Sec. 9.6.

12.2 First-order factorization and Hermitian dilation
12.3 QFT-based spectral filtering

12.4 Elliptic eigenvalue problems and phase estimation
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Chapter 13

Quantum algorithms for hyperbolic
PDEs

Hyperbolic problems (waves, first-order transport after discretization) map primarily onto Hamil-
tonian simulation and LCHS rather than onto a single linear solve. The classical reduction is a
first-order system, optionally dilated to a Schrédinger equation [34, 28].

13.1 Classical wave discretizations
13.2 From the wave equation to a Schrodinger equation
13.3 Schrodingerization

13.4 LCHS for non-Hermitian and forced hyperbolic systems

Reuses Sec. 10.
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Chapter 14

Quantum algorithms for parabolic
PDEs

Parabolic problems (heat, diffusion) sit between the QLSP and Hamiltonian simulation. Two
standard quantum routes [34, 35]:

o Crank—Nicolson (or another implicit scheme) as a sequence of linear systems, each solved by
Sec. 9;

« QSVT implementation of the heat semigroup e (the exponential filter of Sec. 7).
14.1 Classical heat discretizations
14.2 Crank—Nicolson as a quantum linear system
14.3 QSVT implementation of the heat semigroup

14.4 Hermitian dilation and Gaussian transmutation
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Chapter 15

Nonlinear PDEs

Nonlinear equations do not yield a single sparse linear system. Section 3.6 records the classical
facts used below: the shock speed (3.161), the entropy condition (3.162), the KdV soliton (3.168),
the acoustic limit (3.173), and the incompressible Navier-Stokes system (3.174). The quantum
route used in this report is to lift a nonlinear ODE/PDE to a larger linear dynamics (Carleman
linearization, Kolmogorov/Liouville, or Koopman—von Neumann formulations) and then apply the
linear tools of Secs. 9-10 [34]. The classical iterations are Section 5.2. Each Newton step on a
discretized nonlinear system is again a linear system, hence a QLSP instance.

15.1 Why nonlinear PDEs require a different viewpoint
15.2 From nonlinear PDEs to nonlinear ODEs
15.3 Carleman linearization

15.4 Kolmogorov, Liouville, and Koopman—von Neumann formu-
lations

15.5 Classical rootfinding as a supporting tool

Section 5.2 records the scalar iterations and the Jacobian step (5.37). For a nonlinear discretization
the unknown in that step is the grid vector, and F'(z,,) is a sparse matrix of the kind assembled in
Chapter 5.
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NISQ Implementations and Research
Frontiers
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Chapter 16

Variational linear solvers and NISQ
methods

Variational quantum linear solvers (VQLS) minimize a residual-based cost function on a shallow
parameterized circuit [12]. They are a NISQ heuristic, not a fault-tolerant replacement for HHL or
QSVT, and are kept out of the QSP/QSVT and QLSP chapters for that reason.

16.1 The VQLS cost function
16.2 Relation to the QLSP

16.3 Limitations and when a variational method is not a solver
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Chapter 17

Latest research and outlook

Reserved for the QISCA closing weeks: recent quantum PDE algorithms, software stacks (block-
encoding toolboxes, Schrédingerization workflows), and an end-to-end assessment of where a gen-
uine advantage could appear after discretization error, state preparation, and measurement are
counted.

17.1 Recent algorithmic developments
17.2 Software and programming interfaces

17.3 Open questions

Further reading, not a new claim: for a given discretized PDE, compare the Cauchy—QLSP contour
route [27], LCHS [6, 3], and QSVT on the same matrix, including x, quadrature size, and measure-
ment. Jiang and An already note a possible win for asymptotically stable ODEs. This report stops
at arranging those algorithms around f(z) = 1/z at the linear solver.
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